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Classification (discrimination)

@ Classification

@ K-nearest neighbors (KNN)
Multi-class logistic regression
Neural Network

Gaussian Discriminant Analysis
Mixture Discriminant Analysis
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Data Classification

@ Given a training data set comprising n labeled observations
((x1,¥1),---,(Xn,¥n)) where x denotes the observation (or the input)
which is assumed to be continuous-valued in X = R

@ y denotes the target variable (or the output) representing the class
label which is a discrete-valued variable in Y = {1,..., K}

@ K being the number of classes.

@ In classification, the aim is to predict the value of the class label y for
a new observation x.
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K-NN

@ a direct supervised classification approach
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K-NN

@ a direct supervised classification approach

@ Does not need "learning" but only storing the data
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K-NN

@ a direct supervised classification approach

@ Does not need "learning" but only storing the data

@ It's Son very simple : its principle is as follows : the class of a new
data point is the one of its nearest neighbors (the majority among the
K nearest neighbors) in the sense of a chosen distance (e.g, Euclidean
distance)
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K-NN

@ a direct supervised classification approach
@ Does not need "learning" but only storing the data

@ It's Son very simple : its principle is as follows : the class of a new
data point is the one of its nearest neighbors (the majority among the
K nearest neighbors) in the sense of a chosen distance (e.g, Euclidean
distance)

@ = As it needs computing, for each test data point, the distances with
all the data points from the labeled training set, it may be
computationally expensive for large data sets.
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K-NN

Algorithm 1 K-NN algorithm.

Inputs : Labeled data set : XWain — (xirin __ xtrain) apd ytrain —

(yirain  yfrain). Test data set X't = (xtest .. xtest): number of NN :
K

fori=1,...,mdo
forj=1,...,ndo
compute the Euclidean distances dj; between x;**'and x}"'"

i

d; «[x; —xf
end for
The class yf* for the ith example is the one of its nearest neighbors :
Sort the distance vector d; in an increasing order for j =1,...,n

Get at the same time the indexes of the elements in the new order
Get the classes of the first K elements
= the class yf*" is the majority class

end for

Output : Classes of the test data y™t = (y;*, ..., yrest)
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K-NN

K-nearest neighbors (KNN); K=1

« 0>
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K-NN

K-nearest neighbors (KNN); K=3

« 0>
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Multi-class logistic regression

@ a probabilistic supervised discriminative approach

o directly models the classes’ posterior probabilities via :

= k|x) = m(x;w) = exp(wka)
ply = k|x) = mi(x; w) S exp(wlx)

X

o.
ply=10)
04

Ply=1)

02

@ a logistic transformation of a linear function in x

@ ensures that the posterior probabilities are constrained to sum to one
and remain in [0, 1].

o The model parameter : w = (wy, ..., wg)"
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Parameter estimation for Multi-class logistic regression

@ The maximum likelihood is used to fit the model.
@ The conditional log-likelihood of w for the given class labels
y = (y1,--.,yn) conditionally on the inputs X = (x1,...,X,) :

Lw) =L(w;X,y) = log ] p(yilxi;w)
i=1

n K
= log [T I] plyi = kixi; w)”*
i=1 k=1
n K
= ZZYik log i (x; w)
i=1 k=1
where y;. is an indicator binary variable such that y; = 1 if and only
yi = k (i.e, x; belongs to the class k).
@ This log-likelihood is convex but can not be maximized in a closed
form.
@ The Newton-Raphson (NR) algorithm is generally used
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Newton-Raphson for Multi-class logistic regression

@ The Newton-Raphson algorithm is an iterative numerical optimization
algorithm

e starts from an initial arbitrary solution w(®), and updates the
estimation of w

@ A single NR update is given by :

2L(w)] Tt ac(w)
(1) _ () _
W W [GWOWT] ow (2)

where the Hessian and the gradient of £(w) (which are respectively
the second and first derivative of £(w)) are evaluated at w = w(/).

@ NR can be stopped when the relative variation of £(w) is below a
prefixed threshold.
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IRLS |

The gradient component 86551‘:') (h=1,...,K —1)is given by
oL(w) u
ow, Z (vin — mh(xi; W))x;

i=1

which can be formulated in a matrix form as

oL(w)

X (yp —
aWh (yh ph)

where X is the n x (d + 1) matrix whose rows are the input vectors x;, yj
is the n x 1 column vector whose elements are the indicator variables y;,
for the hth logistic component :

Yh = ()/1h,---7)/nh)T
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IRLS I

and pj, is the n x 1 column vector of logistic probabilities corresponding to
the ith input

Pr = (mh(X1; W), ..., Th(Xn; w))T.

Thus, the matrix formulation of the gradient of £(w) for all the logistic
components is

8'2—5VW) = X*T(Y-P) (3)
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where Y = (y{,...,yf ;)T and P=(p],...,pf_ ;)" are n x (K — 1)
column vectors and X* is the (n x (K — 1)) by (d + 1) matrix of K —1
copies of X such that X* = (XT,... . XT)T.

The Hessian matrix is composed of (K — 1) x (K — 1) block matrices
where each block matrix is of dimension (d + 1) x (d + 1) and is given by :

2L (w .
8wh8wk Zﬂh Xj; W) (Gnk — Tk (Xi3 W)) XX

which can be formulated in a matrix form as

2
L(W) —XTW WX
8wh8wk
where Wy, is the n x n diagonal matrix whose diagonal elements are
Th(Xi; W) (0px — mk(xj;w)) for i =1,..., n. For all the logistic components
(h,k=1,...,K — 1), the Hessian takes the following form :

0?L(w)

2 = —XTTwx: 4)

(J\ALON\A
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where W is the (n x (K — 1)) by (n x (K — 1)) matrix composed of

(K —1)) x (K — 1)) block matrices, each block is Wy

(h,k=1,...,K —1). It can be shown that the Hessian matrix for the
multi-class logistic regression model is positive semi definite and therefore
the optimized log-likelihood is concave.

The NR algorithm (2) in this case can therefore be reformulated from the
Equations (3) and (4) as

w1 — W ¢ (X*TW(')X*)*lx*T(Y _ P(’))
(X*Tw(/)x*)—l [X*TW(I)X*W(I) + X*T(Y . P(/))]
= (x*Twx)-1x*T [W(’)X*w(’) (Y- P(’))]
(X*Tw(l)x*)—lx*TW(l)Y*

where Y* = X*w() + (W)=1(Y — P()) which yields in the Iteratively
Reweighted Least Squares (IRLS) algorithm.
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Neural Network

notes vues en cours

Ti1

Tid

Input Neurons Hidden Neurons Output Neurons

Figure — Graphical representation of Multi-Layer Perceptron (MLP).
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Linear Discriminant Analysis

@ generative approach that consists in modeling each conditional-class
density by a multivariate Gaussian :

1
p(Xly = ki Wy) = ————
(2m)? [E4 2

oxp (50— ) TE 0 - )
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Linear Discriminant Analysis

@ generative approach that consists in modeling each conditional-class
density by a multivariate Gaussian :

1
p(xly = ki Wy) = —5——

1 -
(e s

o 1, € RY is the mean vector

e ¥, c RY%? s the covariance matrix
o ll!k = (uk,):k) for k = 1,...,K.
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Linear Discriminant Analysis

@ generative approach that consists in modeling each conditional-class
density by a multivariate Gaussian :

1 1 _
p(xly = k;Wy) = 4. 1XP ( - i(x - Hk)Tzkl(X - Hk))
(2m)2 2|2
o u, € RY is the mean vector
e ¥, c RY%? s the covariance matrix
o W, = (uy,Xy) fork=1,... K.
@ Linear Discriminant Analysis (LDA) arises when we assume that all the

classes have a common covariance matrix X, =X Vk=1,... K.
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Linear Discriminant Analysis

@ The term “linear" in LDA is due to the fact that the decision
boundaries between each pair of classes k and h are linear.
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Linear Discriminant Analysis

@ The term “linear" in LDA is due to the fact that the decision
boundaries between each pair of classes k and h are linear.

@ The decision boundary between classes k and h, which is the set of
inputs x verifying p(y = k|x) = p(y = h|x), or by equivalence :

ply = g|x; Wg)
p(y = hlx; Wy)

g, X
log = 0<:)|ogﬂ + log N e ®)
T

h N(X; ll’hvz) B
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Linear Discriminant Analysis

@ The term “linear" in LDA is due to the fact that the decision
boundaries between each pair of classes k and h are linear.

@ The decision boundary between classes k and h, which is the set of
inputs x verifying p(y = k|x) = p(y = h|x), or by equivalence :

N(x; py, X)

ply = glx W) _
N(X, My, Z)

lo
Ep(y = hix; W)

:0<:)Iogﬂ+|og
Th

& log = — L (i + pp) TE T (i — ) +XTE T (e — ) =0,
= a linear function in x and therefore the classes will be separated by
hyperplanes in the input space.
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Linear Discriminant Analysis : Parameter Estimation

@ Each of the class prior probabilities 7y is calculated with the
proportion of the class g in the training data set :

Tk

. Zib’i:k _ Nk
N n

n .
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Linear Discriminant Analysis : Parameter Estimation

@ Each of the class prior probabilities 7y is calculated with the
proportion of the class g in the training data set :

Tk

_ Zi|}’i:k _ e
n n

@ The parameters W are estimated by maximum likelihood
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Linear Discriminant Analysis : Parameter Estimation

@ Each of the class prior probabilities 7y is calculated with the
proportion of the class g in the training data set :

Tk

_ Zi|}’i=k _ Nk
n n’

@ The parameters W are estimated by maximum likelihood
@ the log-likelihood of W given an i.i.d sample :

L(Wy) = log H N(xi; g, ) = Z log N (xi; py, X).
ilyi=k ilyi=k
@ = The problem is solved in a closed form

A

e = — ) X
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[[lustration

Linear Discriminant Analysis (LDA)

FIgU € — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue ((J), green (X ), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the

respective classes of the decision regions. We see that LDA provides linear separation.

=] = = DA
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Quadratic Discriminant Analysis

@ Quadratic Discriminant Analysis (QDA) is an extension of LDA that
considers a different covariance matrix for each class.
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Quadratic Discriminant Analysis

@ Quadratic Discriminant Analysis (QDA) is an extension of LDA that
considers a different covariance matrix for each class.

@ The decision functions are quadratic :
og U= mi Ly IE

o} o 0
Eply=hx) — Bm 2 BE,
1 _ _
*5{(’( - Hk)Tzk l(x — i) — (x— Hh)TZh l(x —pp)} =0.

= This function is quadratic in x, we then get quadratic discriminant
functions in the input space.
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Quadratic Discriminant Analysis

@ Quadratic Discriminant Analysis (QDA) is an extension of LDA that
considers a different covariance matrix for each class.
@ The decision functions are quadratic :
Tk \Zk\

log —/———= Ply = kix) - _ Iog—fflog
p(y = hix) Th X

S )T O ) () B x ag)) = 0.

= This function is quadratic in x, we then get quadratic discriminant
functions in the input space.

@ The parameters W, for QDA are estimated similarly as for LDA, except
that separate covariance matrix must be estimated for each class :

. 1
B = — X;
Mk ilyi=k
. 1 N AT
e = — (xi = B ) (i — ) "
Nk .
ilyi=k
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[[lustration

Quadratic Discriminant Analysis (QDA)

Flgu € — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue ((J), green (X ), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the

respective classes of the decision regions. We see that QDA provides quadratic boundaries in the plan.
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Mixture Discriminant Analysis

o for Gaussian discriminant analysis, in both LDA and QDA, each class
density is modeled by a single Gaussian.

@ This may be limited for modeling non homogeneous classes where the
classes are dispersed.

= In Mixture Discriminant Analysis (MDA) each class density is
modeled by a Gaussian mixture density

o with MDA, we can therefore capture many specific properties of real
data such as multimodality, unobserved heterogeneity,
heteroskedasticity, etc.
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Mixture Discriminant Analysis (MDA)

@ Each class g is modeled by a Gaussian mixture density :

Rk
p(Xly = ki Wi) = > mirN (X i, Tir)
r=1

where Ry is the number of mixture components for class k
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Mixture Discriminant Analysis (MDA)
@ Each class g is modeled by a Gaussian mixture density :
Rk
p(xly = k;Wy) = Zﬂ'krN(X; Poir> Zkr)
r=1
where Ry is the number of mixture components for class k

wk = (Trkla-"77TkRk7/J‘k17"'7p‘kRk7"'7zkl7"-7szk)

is the parameter vector of the mixture density of class k
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Mixture Discriminant Analysis (MDA)

@ Each class g is modeled by a Gaussian mixture density :

Rk
p(Xly = k; Wi) = > mrN (% s Zir)
r=1

where Ry is the number of mixture components for class k

°
Wy = (Thls - ThR s Bk1s -+ s KRy - - 3 KLy« + - s ZkRy)
is the parameter vector of the mixture density of class k
@ the my,'s (r =1,..., Rk) are the non-negative mixing proportions

satisfying 2% 7, = 1 Vk.
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Mixture Discriminant Analysis (MDA)

@ Each class g is modeled by a Gaussian mixture density :

Ry
P(X’y = k; wk) = Zﬂ'kr-/\/’(x: Hirs zkr)
r=1

where Ry is the number of mixture components for class k

°
luk = (Trklu co s TkRy s Mok1s - - '7p‘kRk7 . .,Zk]_, .. "szk)
is the parameter vector of the mixture density of class k
@ the my,'s (r =1,..., Rk) are the non-negative mixing proportions

satisfying 2% 7, = 1 Vk.

@ we can allow a different covariance matrix for each mixture component

as well as a common covariance matrix
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[[lustration

Mixture Discriminant Analysis (MDA)

FIgU F€ — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue ((J), green (x), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the

respective classes of the decision regions. We see that MDA provides more non-linear decision boundaries.
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lllustrations of Logistic Regression, LDA, QDA and MDA

Multi-class Logistic Regression

FIgU € — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue (), green (), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the
respective classes of the decision regions. We see that both LDA and Logistic regression provide linear separation,

while QDA and MDA provide non linear separation. MDA can further deal the problem of heterogeneous classes.
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lllustrations of Logistic Regression, LDA, QDA and MDA

Linear Discriminant Analysis (LDA)

FIgU € — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue (), green (), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the
respective classes of the decision regions. We see that both LDA and Logistic regression provide linear separation,

while QDA and MDA provide non linear separation. MDA can further deal the problem of heterogeneous classes.

24 / 25
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lllustrations of Logistic Regression, LDA, QDA and MDA

Quadratic Discriminant Analysis (QDA)

FIgU € — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue (), green (), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the
respective classes of the decision regions. We see that both LDA and Logistic regression provide linear separation,

while QDA and MDA provide non linear separation. MDA can further deal the problem of heterogeneous classes.
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lllustrations of Logistic Regression, LDA, QDA and MDA

Mixture Discriminant Analysis (MDA)

FIgU e — A three-classes classification example of a synthetic data set in which one of the classes occurs into two
sub-classes, with training data points denoted in blue ((), green (x), and red (o). Ellipses denote the contours of
the class probability density functions, lines denote the decision boundaries, and the background colors denote the
respective classes of the decision regions. We see that both LDA and Logistic regression provide linear separation,

while QDA and MDA provide non linear separation. MDA can further deal the problem of heterogeneous classes.
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