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The term “Data Science” has surged in popularity

Data science is increasingly commonly used with “big data.”

Data science, including Big Data has recently attracted an enormous interest from

the scientific community
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What does Data Science mean ?

What about Statistics in the Data Science “area” ?

There is not yet a consensus on what precisely constitutes Data Science

For a review, see the report of D. Donoho (2015) : “50 years of Data Science”
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There is not yet a consensus on what precisely constitutes Data Science, but

Data Science can be seen (defined ?) as a :

I the study of the generalizable extraction of knowledge from data.
I requires an integrated skill set spanning mathematics, machine

learning, artificial intelligence, statistics, databases, and optimization

a. Vasant Dhar (2013) : Communications of the ACM, Vol. 56 No. 12 : 64-73

Data Science clearly has an interdisciplinary nature and requires substantial

collaborative effort

Databases, statistics and machine learning, and distributed systems are

emerging as foundational to data science

(i) Databases : organization of data resources,

(ii) Statistics and Machine Learning : convert data into knowledge,

(iii) Distributed and Parallel Systems : computational infrastructure
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Statistics and Data Science

↪→ Statistics play a central role in data science

Allow to quantify the randomness component in the data

A well-established background to deal with uncertainty (probabilistic frame- work)

and to establish generizable methods for prediction and estimation

allow soft decision : e.g. confidence interval in regression and posterior probabilities

in classification

help for understanding the underlying generative process
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Outline

1 Introduction

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

4 Mixture-of-Experts for fitting complex non-normal distributions

Faicel Chamroukhi Learning from Heterogeneous & Non-Stationary Time-Series Data 8/121



Unsupervised Learning

1 Introduction

Statistics and Data Science

Unsupervised Learning

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

4 Mixture-of-Experts for fitting complex non-normal distributions
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Clustering of multivariate data
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Clustering of multivariate data
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K-means

a straightforward and widely used clustering algorithm, is one of the most

important algorithms in unsupervised learning.

Observed data (x1, . . . ,xn) in Rd with unknown cluster labels z = (z1, . . . , zn)

(zi ∈ 1, . . . ,K)

Each of the K clusters is represented by its mean (cluster centroid) µk in Rd.

K-means [MacQueen, 1967]

(µ̂1, . . . , µ̂K , ẑ) ∈ arg min
µ1,...,µK ,z

J (µ1, . . . ,µK , z)

objective function : J (µ1, . . . ,µK , z) =
∑K
k=1

∑n
i=1 ||xi − µzi ||

2

Initialization : (µ
(0)
1 , . . . ,µ

(0)
K ) (eg, randomly chosen data points)

1 Assignment step : z
(t)
i = arg min

z∈Z
||xi − µz||2

2 Relocation step : µ
(t+1)
k =

∑n
i=1 z

(t)
ik

xi∑n
i=1 z

(t)
ik

,

⇒ The K-means algorithm is simple to implement and relatively fast.
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Example
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Example
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K-means

How to measure uncertainty ?
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Figure – K-means partition (left) vs GMM-EM partition (right)
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Scientific context

The data are assumed to represent samples from random variables with

unknown probability distributions

The area of statistical learning and analysis of complex data.

Data : Complex data ↪→ heterogeneous, temporal/dynamical,

high-dimensional/functional, incomplete,...

Objective : Transform the data into knowledge :

↪→ Reconstruct hidden structure/information, groups/hierarchy of groups,

summarizing prototypes, underlying dynamical processes, etc

Modeling framework

Latent variable models : f(x|θ) =
∫
z
f(x, z|θ)dz

Generative formulation : z ∼ q(z|θ)
x|z ∼ f(x|z,θ)

↪→ Mixture models : f(x|θ) =
∑K
k=1 P(z = k)f(x|z = k,θk) and extensions

Faicel Chamroukhi Learning from Heterogeneous & Non-Stationary Time-Series Data 15/121



Mixture models [McLachlan and Peel., 2000]

Mixture modeling framework

Mixture density : f(x|θ) =
∑K
k=1 πkfk(x|θk)
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Generative model

z ∼ M(1;π1, . . . , πK)

x|z ∼ f(x|θz)

↪→ learn θ from the data
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Model-Based Clustering

Clustering based on finite mixture models [McLachlan, 1982, McLachlan and Basford,

1988, Banfield and Raftery, 1993, McLachlan and Peel., 2000]

eg. ; Gaussian mixture models (GMMs) :

f(xi;θ) =
K∑
k=1

πkN (xi;µk,Σk)
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Figure – An example of a three-component Gaussian mixture density in R2.
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Mixtures and the EM algorithm (Model-Based Clustering)

Finite Mixture Models [McLachlan and Peel., 2000]

f(x;θ) =
∑K
k=1 πkfk(x;θk) with πk > 0 ∀k and

∑K
k=1 πk = 1.

Maximum-Likelihood Estimation

θ̂ ∈ argmaxθ logL(θ)

log-likelihood : logL(θ) =
∑n
i=1 log

∑K
k=1 πkfk(xi;θk).

The EM algorithm [Dempster et al., 1977, McLachlan and Krishnan, 2008]

θnew ∈ argmax
θ∈Ω

E[logLc(θ)|D,θold]

complete log-likelihood : logLc(θ) =
∑n
i=1

∑K
k=1 Zik log [πkfk(xi;θk)] where

Zik is such that Zik = 1 if Zi = k and Zik = 0 otherwise.

Clustering

ẑi = argmax1≤k≤K P(Zi = k|xi; θ̂), (i = 1, . . . , n)
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EM for Gaussian mixture models

1 E-Step : calculates the posterior component memberships :

τ
(q)
ik = P(Zi = k|xi,Ψ(q)) =

π
(q)
k N (xi;µ

(q)
k ,Σ

(q)
k )∑K

`=1 π
(q)
` N (xi;µ

(q)
` ,Σ

(q)
` )

that xi originates from the kth component density.

2 M-Step : parameter updates :

π
(q+1)
k =

∑n
i=1 τ

(q)
ik

n
=
n

(q)
k

n
,

µ
(q+1)
k =

1

n
(q)
k

n∑
i=1

τ
(q)
ik xi,

Σ
(q+1)
k =

1

n
(q)
k

n∑
i=1

τ
(q)
ik (xi − µ(q+1))(xi − µ(q+1))T .
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Example
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Figure – A three-class example of a real data set : Iris data of Fisher.
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Example
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Iris Data clustering GMM : EM iteration : 21
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Mixtures in a high-dimensional setting

Parsimonious GMMs [Banfield and Raftery, 1993, Celeux and Govaert, 1995] :

I Eigenvalue decomposition of the covariance matrices :

Σk = λkDkAkD
T
k

I λk the volume of the kth cluster (the amount of space of the cluster).
I Dk = (vk1, . . .vkp) orthogonal matrix of eigenvectors v of Σk :

determines the orientation of the cluster.
I Ak = diag(λk1, . . . , λkp)/|Σk|1/p a normalized diagonal matrix (its

determinant is 1) of the eigenvalues of Σk arranged in a decreasing

order. This matrix is associated with the shape of the cluster.

for p > n :

use regularization (LASSO etc) of the log-likelihood

Mixtures of Factor Analyzers [McLachlan et al., 2003] (or extensions MCFA,

MCUFSA..)

Σk = BkB
T
k + Λk :

Bk is a p× q (with q < p) matrix and Λk is a diagonal matrix.

↪→
(
BkB

T
k + Λk

)−1
and |BkB

T
k + Λk| are calculated in a q-dimensional space !
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How many clusters in the data ?

The problem of choosing the number of clusters can be seen as a model selection

problem.

The model selection task consists of choosing a suitable compromise between

flexibility so that a reasonable fit to the available data is obtained, and over-fitting.

A common way is to use a criterion (score function) that ensure the compromise.

score(model) = error(model) + penalty(model complexity)

which will be minimized.

Here the complexity of a model M is related to the number of its (free)

parameters ν
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Model selection

• Akaike Information Criterion (AIC) [Akaike, 1974] :

AIC(Mm) = logL(θ̂m)− νm

• Bayesian Information Criterion (BIC) [Schwarz, 1978] :

BIC(Mm) = logL(θ̂m)− νm log(n)

2

• Integrated Classification Likelihood (ICL) [Biernacki et al., 2000] :

ICL(Mm) = logLc(θ̂m)− νm log(n)

2

where logLc(θ̂m) is the complete-data log-likelihood for the model Mm and νm
denotes the number of free model parameters. For example, in the case of a

d-dimensional Gaussian mixture model we have :

ν = (K − 1)︸ ︷︷ ︸
πk ’s

+K × d)︸ ︷︷ ︸
{µk}

+K × d× (d+ 1)

2︸ ︷︷ ︸
{Σk}

=
K × (d+ 1)× (d+ 2)

2
− 1.
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Examples
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Figure – Clustering results obtained with K-means algorithm (left) with K = 2 and the EM

algorithm (right). The cluster centers are shown by the red and blue crosses and the ellipses are

the contours of the Gaussian component densities at level 0.4 estimated by EM. The number of

clusters for EM have been chosen by BIC for K = 1, . . . , 4.
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Examples
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Figure – A three-class example of a real data set : Iris data of Fisher.
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Examples
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Figure – Iris data : Clustering results with EM for a GMM and AIC.
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Unsupervised Sparse Signal Decomposition
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Unsupervised Sparse Signal Decomposition
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Unsupervised Sparse Signal Decomposition
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Outline

1 Introduction

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

4 Mixture-of-Experts for fitting complex non-normal distributions
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Outline

1 Introduction

2 Latent data models for temporal data segmentation

Piecewise Regression

Regression with hidden logistic process

Multiple hidden process regression

SaMUraiS : Open-Source Software

3 Mixture models for functional data analysis

4 Mixture-of-Experts for fitting complex non-normal distributions

Temporal data with regime changes
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Temporal data

Temporal data with regime changes

0 1 2 3 4 5 6

250

300

350

400

450

500

550

600

Time (Second)

P
o
w

e
r 

(W
a
tt
)

0 1 2 3 4 5 6

250

300

350

400

450

500

550

600

Time (Second)

P
o
w

e
r 

(W
a
tt
)

Data with regime changes over time

Abrupt and/or smooth regime changes

Objectives
Temporal data modeling and segmentation
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Latent data models for temporal data segmentation

y = (y1, . . . , yn) a time series of n univariate observations yi ∈ R observed at the

time points t = (t1, . . . , tn)

Times series segmentation context

Time series segmentation is a popular problem with a broad literature

Common problem for different communities, including statistics, signal

processing, machine learning, finance

The observed time series is generated by an underlying process

↪→ segmentation ≡ recovering the parameters the process’ states.

Conventional solutions are subject to limitations in the control of the

transitions between these states

↪→ Propose latent data modeling for segmentation and approximation

↪→ segmentation ≡ inferring the model parameters and the underlying

process
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Piecewise regression [McGee & Carleton 70], Chamroukhi et al. [2009]

The data : ((t1, y1), . . . , (tn, yn)) where yi is the observation et time ti

The piecewise polynomial regression model is defined as :

∀i = 1, . . . , n, xi =


βT1 xi + εi1 if i ∈ I1
βT2 xi + εi2 if i ∈ I2
...

βTKxi + εiK if i ∈ IK

,

I Ik =]γk..γk+1] : indexes of elements of segment k with (γ1 =0 and

γK+1 =n).
I xi = (1, ti, . . . , t

p
i )
T : time-dependent covariates vector

I βk ∈ Rp+1 : regression coefficients vector for the kth segment
I εik ∼ N (0, σ2

k) : independent additive Gaussian noise on the segment k.

The model parameters

(ψ,γ) with ψ = (βT1 , . . . ,β
T
K , σ

2
1 , . . . , σ

2
K) and γ = (γ1, . . . , γK+1)T .
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Parameter estimation piecewise regression

Maximize the likelihood of (ψ,γ) or equivalently minimize, with respect to (ψ,γ) :

J(ψ,γ) =

K∑
k=1

∑
i∈Ik

[
log σ2

k +
(yi − βTk xi)2

σ2
k

]
.

Global optimization using by dynamic programming [Bellman 61 ; Stone 61 ;

Lechevallier 90, C. 2009] since the criterion J is additive on k

Time series approximation and segmentation
ŷi =

∑K
k=1 ẑikβ̂

T

k xi ; ∀i = 1, . . . , n

ẑik = 1 if i ∈ Îk = (γ̂k, γ̂k+1] (yi belongs to the kth segment) and ẑik = 0

otherwise

Using dynamic programming can be computationally expensive

Provides a hard partition ⇒ adapted for regimes with abrupt changes
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Regression with hidden logistic process

Let y = (y1, . . . , yn) be a time series of n univariate observations yi ∈ R
observed at the time points t = (t1, . . . , tn) governed by K regimes.

The Regression model with Hidden Logistic Process (RHLP) [1]

yi = βTzixi + σziεi ; εi ∼ N (0, 1), (i = 1, . . . , n)

Zi ∼ M(1, π1(ti;w), . . . , πK(ti;w))

Polynomial segments βTzixi with xi = (1, ti, . . . , t
p
i )
T with logistic probabilities

πk(ti;w) = P(Zi = k|ti;w) =
exp (wk1ti + wk0)∑K
`=1 exp (w`1ti + w`0)

f(yi|ti;θ) =
K∑
k=1

πk(ti;w)N
(
yi;β

T
k xi, σ

2
k

)
Both the mixing proportions and the component parameters are time-varying

Parameter vector of the model :θ = (wT ,βT1 , . . . ,β
T
K , σ

2
1 , . . . , σ

2
K)T
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Illustration

Modeling with the logistic distribution allows activating simultaneously and

preferentially several regimes during time

πk(ti;w) = exp (λk(ti+γk))∑K
`=1 exp (λ`(ti+γ`))
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⇒ The parameter λk = wk1 controls the quality of transitions between

regimes

⇒ The parameter γk = wk0/wk1 is related to the transition time point

Ensure time series segmentation into contiguous segments
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Illustration
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Illustration
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K = 5 polynomial components of degree p = 2
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Parameter estimation : MLE via EM : EM-RHLP

Parameter vector : θ = (wT ,βT1 , . . . ,β
T
K , σ

2
1 , . . . , σ

2
K)T

Maximize the observed-data log-likelihood :

logL(θ;y, t) =

n∑
i=1

log
K∑
k=1

πk(ti; w)N
(
yi;β

T
k xi, σ

2
k

)
Complete-data log-likelihood

logLc(θ;y, t, z) =
n∑
i=1

K∑
k=1

Zik log[πk(ti; w)N
(
yi;β

T
k xi, σ

2
k

)
]

Zik = 1 if Zi = k (i.e., when yi belongs to the kth component)

The Q-function

Q(θ,θ(q)) = E
[
logLc(θ;y, t, z)|y, t;θ(q)

]
=

n∑
i=1

K∑
k=1

τ
(q)
ik

[
log πk(ti; w)N

(
yi;β

T
k xi, σ

2
k

)]
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Maximum likelihood via a the EM algorithm :

EM-RHLP

E-Step : compute the posterior component memberships :

τ
(q)
ik = P(Zi = k|yi, ti;θ(q)) =

πk(ti; w
(q))N (yi;β

T (q)
k xi, σ

2(q)
k )∑K

`=1 π`(ti; w
(q))N (yi;β

T (q)
` xi, σ

2(q)
` )

·

M-Step : compute the parameter update θ(q+1) = argmax
θ

Q(θ,θ(q))

β
(q+1)
k =

[ n∑
i=1

τ
(q)
ik xix

T
i

]−1 n∑
i=1

τ
(q)
ik yixi weighted polynomial regression

σ2
k

(q+1)
=

1∑n
i=1 τ

(q)
ik

n∑
i=1

τ
(q)
ik (yi − βT (q+1)

k xi)
2

w(q+1) = argmax
w

n∑
i=1

K∑
k=1

τ
(q)
ik log πk(ti;w) weighted logistic regression
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EM-RHLP algorithm

M-Step : Weighted multi-class logistic regression

w(q+1) = argmax
w

n∑
i=1

K∑
k=1

τ
(q)
ik log πk(ti;w)

A convex optimization problem

Solved with a multi-class Iteratively Reweighted Least Squares (IRLS)

algorithm (Newton-Raphson)

w(l+1) = w(l) −
[∂2Qw(w,θ(q))

∂w∂wT

]−1

w=w(l)

∂Qw(w,θ(q))

∂w

∣∣∣
w=w(l)

Analytic calculation of the Hessian and the gradient

EM-RHLP algorithm complexity : O(IEMIIRLSK
3p3n) (more advantageous

than dynamic programming).
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Time series approximation and segmentation

1 Approximation : a prototype mean curve

ŷi = E[yi|ti; θ̂] =
K∑
k=1

πk(ti; ŵ)β̂
T

k xi

↪→ A smooth and flexible approximation thanks to the the logistic weights

↪→ The RHLP can be used as nonlinear regression model yi = f(ti;θ) + εi
by covering functions of the form f(ti;θ) =

∑K
k=1 πk(ti;w)βTk xi [3]

2 Curve segmentation :

ẑi = arg max
1≤k≤K

E[zi|ti; ŵ] = arg max
1≤k≤K

πk(ti; ŵ)

3 Model selection Application of BIC, ICL

BIC(K, p) = logL(θ̂)− νθ log(n)
2 ; ICL(K, p) = logLc(θ̂)− νθ log(n)

2 where

νθ = K(p+ 4)− 2.
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Application to real data
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Joint segmentation of multivariate time series

Multiple hidden process regression
Data : (y1, . . . ,yn) a time series of n multidimensional observations

yi = (y
(1)
i , . . . , y

(d)
i )T ∈ Rd observed at instants t = (t1, . . . , tn).

Model

y
(1)
i = β(1)T

zi
xi + σ(1)

zi εi

...
...

y
(d)
i = β(d)T

zi
xi + σ(d)

zi εi

Vectorial form : yi = BT
zixi + ei ; ei ∼ N (0,Σzi), (i = 1, . . . , n)

The latent process z = (z1, . . . , z) simultaneously governs the univariate time

series components

↪→ Multiple regression with hidden logistic process : Multiple RHLP [6]

↪→ Multiple Hidden Markov model regression (MHMMR) [7]
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Multiple hidden Markov model regression

MHMMR : Estimation by the EM algorithm (as for HMMs)

↪→ Solve multiple regression problems

Application to human activity time series
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Figure – MHMMR Segmentation of acceleration data issued from three body-worn sensors

Faicel Chamroukhi Learning from Heterogeneous & Non-Stationary Time-Series Data 45/121



Multiple regression with hidden logistic process

MRHLP : Estimation by the EM algorithm (as for the RHLP)

↪→ Solve multiple regression problems

Application to human activity time series

Problem : Activity recognition from multivariate acceleration time series
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Figure – MRHLP segmentation of acceleration data issued from three body-worn sensors
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SaMUraiS : open source software for time-series

SaMUraiS : StAtistical Models for the UnsupeRvised segmentAtIon of time-Series 1

R software Matlab software

1. credit : pictures above created via dreamscopeapp.com
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SaMUraiS : open source software for time-series

Available algorithms and Packages

RHLP : Regression with Hidden Logistic Process R software Matlab software

HMMR : Hidden Markov Model Regression R software Matlab software

PWR : Piece-Wise Regression R software Matlab software

MRHLP : Multivariate RHLP R software Matlab software

MHMMR : Multivariate HMMR R software Matlab software
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Outline

1 Introduction

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

Mixture of piecewise regressions

Mixture of hidden logistic process regressions

Mixture of hidden hidden Markov model regression

Functional discriminant analysis

FLaMingoS : Open-Source Software

4 Mixture-of-Experts for fitting complex non-normal distributions
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Functional data are increasingly frequent

850 900 950 1000 1050
2

2.5

3

3.5

4

4.5

5

5.5

wavelength

a
b
s
ro

b
a
n
c
e

0 1 2 3 4 5 6

250

300

350

400

450

500

550

600

Time (Second)

P
o
w

e
r 

(W
a
tt
)

Tecator data Railway switch curves

20 40 60 80 100 120 140
−5

0

5

10

15

20

25

30

frequencies

lo
g

−
p

e
ri
o

d
o

g
ra

m
s

phonemes aa, ao, dcl, iy sh

10 20 30 40 50 60 70
0

50

100

150

200

250

echo length

a
lt
im

e
tr

ic
 e

c
h
o

Phonemes curves Satellite waveforms

Faicel Chamroukhi Learning from Heterogeneous & Non-Stationary Time-Series Data 50/121



Statistical analysis of functional data

A broad literature :

[James and Hastie, 2001, James and Sugar, 2003]

[Ramsay and Silverman, 2005]

[Ferraty and Vieu, 2006]

[Ramsay et al., 2011]

[Bouveyron and Jacques, 2011]

[Samé et al., 2011]

[Delaigle et al., 2012]

[Jacques and Preda, 2014]

[Bouveyron et al., 2018]

[Qiao et al., 2018]

A review can be found in [Chamroukhi and Nguyen, 2018] pdf available here

Functional regression

Functional classification

Functional clustering, including model-based

Functional graphical models

...
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Clustering of functional data

Phonemes data set 2 : n = 1000 log-periodograms for m = 150 frequencies
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2. Data from http://www.math.univ-toulouse.fr/staph/npfda/, used in Ferraty and Vieu [2003]
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Clustering of functional data

Clustering real curves of high-speed railway-switch operations

Data : n = 115 curves of m ' 510 observations

K = 2 clusters : operating state without/with possible defect
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Clustering switch operations

Clustering real curves of high-speed railway-switch operations

Data : n = 115 curves of m ' 510 observations

K = 2 clusters : operating state without/with possible defect
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Functional data analysis context

Unsupervised analysis of heterogeneous curves with regime changes
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Railway switch curves An individual curve

Objectives

Curve clustering/classification (functional data analysis framework)

Deal with the problem of regime changes ↪→ Curve segmentation
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Outline

1 Introduction

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

Mixture of piecewise regressions

Mixture of hidden logistic process regressions

Mixture of hidden hidden Markov model regression

Functional discriminant analysis

FLaMingoS : Open-Source Software

4 Mixture-of-Experts for fitting complex non-normal distributions
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Functional data analysis context

Data

The individuals are entire functions (e.g., curves, surfaces)

A set of n univariate curves ((x1,y1), . . . , (xn,yn)

(xi,yi) consists of mi observations yi = (yi1, . . . , yimi) observed at the

independent covariates, (e.g., time t in time series), (xi1, . . . , ximi)

Objectives : exploratory or decisional

1 Unsupervised classification (clustering, segmentation) of functional data,

particularly curves with regime changes : [4] [9], [C11] [16]

2 Discriminant analysis of functional data : [2], [5]

Functional data clustering/classification tools

A broad literature (Kmeans-type, Model-based, etc)

⇒ Mixture-model based cluster and discriminant analyzes
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Mixture modeling framework for functional data

The functional mixture model :

f(y|x;Ψ) =

K∑
k=1

αkfk(y|x;Ψk)

fk(y|x) are tailored to functional data : can be polynomial (B-)spline

regression, regression using wavelet bases etc, or Gaussian process

regression, functional PCA

↪→ more tailored to approximate smooth functions

↪→ do not account for segmentation

Here fk(y|x) itself exhibits a clustering property via hidden variables (regimes) :

1 Riecewise regression model (PWR)

2 Regression model with a hidden process (RHLP)

3 Regression model with Markov process (HMMR)

Faicel Chamroukhi Learning from Heterogeneous & Non-Stationary Time-Series Data 58/121



Piecewise regression mixture model (PWRM) [9]

A probabilistic version of the K-means-like approach of [Hébrail et al., 2010]

f(yi|xi;Ψ) =

K∑
k=1

αk

Rk∏
r=1

∏
j∈Ikr

N (yij ;β
T
krxij , σ

2
kr)︸ ︷︷ ︸

PWR

Ikr =]ξkr..ξk,r+1] are the element indexes of segment r for component k

↪→ Simultaneously accounts for curve clustering and segmentation

Parameter vector Ψ = (α1, . . . , αK−1,θ
T
1 , . . . ,θ

T
K , ξ

T
1 , . . . , ξ

T
K)T with

θk = (βTk1, . . . ,β
T
kRk

, σ2
k1, . . . , σ

2
kRk

)T and ξk = (ξk1, . . . , ξk,Rk+1)T

Parameter estimation

1 Maximum likelihood estimation : EM-PWRM

2 Maximum classification likelihood estimation : CEM-PWRM
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Maximum likelihood estimation via EM :

EM-PWRM

Maximize the observed-data log-likelihood :

logL(Ψ) =
n∑
i=1

log
K∑
k=1

αk

Rk∏
r=1

∏
j∈Ikr

N
(
yij ;β

T
krxij , σ

2
kr

)
The complete-data log-likelihood

logLc(Ψ , z) =

K∑
k=1

n∑
i=1

Zik logαk+

n∑
i=1

K∑
k=1

Rk∑
r=1

∑
j∈Ikr

Zik logN (yij ;β
T
krxij , σ

2
kr)

The conditional expected complete-data log-likelihood

Q(Ψ ,Ψ (q)) =

K∑
k=1

n∑
i=1

τ
(q)
ik logαk+

K∑
k=1

n∑
i=1

Rk∑
r=1

∑
j∈Ikr

τ
(q)
ik logN (yij ;β

T
krxij , σ

2
kr)
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EM-PWRM algorithm
E-step : Compute the Q−function

↪→ Compute the posterior probability that the ith curve belongs to component k :

τ
(q)
ik = P(Zi = k|yi,xi;Ψ

(q)) =
α

(q)
k fk

(
yi|xi;Ψ

(q)
k

)
∑K
k′=1

α
(q)

k′ fk′
(
yi|xi;Ψ

(q)

k′

)
M-step : Compute the update Ψ(q+1) = argmaxΨ Q(Ψ ,Ψ (q))

α
(q+1)
k =

∑n
i=1 τ

(q)
ik

n , (k = 1, . . . ,K)

maximization w.r.t the piecewise regression parameters {ξkr,βkr, σ2
kr} ↪→ a

weighted piecewise regression problem ↪→ dynamic programming :

β
(q+1)
kr =

[ n∑
i=1

τ
(q)
ik XT

irXir

]−1
n∑
i=1

Xiryir

σ
2(q+1)
kr =

1∑n
i=1

∑
j∈I(q)

kr

τ
(q)
ik

n∑
i=1

τ
(q)
ik ||yir −Xirβ

(q+1)
kr ||2

yir are the observations of segment r of the ith curve and Xir its design

matrix
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Maximum classification likelihood estimation : CEM-PWRM

Maximize the complete-data log-likelihood w.r.t (Ψ , z) simultaneously

C-step : Bayes’ optimal allocation rule : ẑi = argmax1≤k≤K τik(Ψ̂)

CEM-PWRM is equivalent to the K-means-like algorithm of Hébrail et al. [2010] :

logLc(z,Ψ) ∝ J
(
z, {µkr, Ikr}

)
=

K∑
k=1

Rk∑
r=1

∑
i|Zi=k

∑
j∈Ikr

(
yij − µkr

)2
if the following conditions hold :

αk = 1
K ∀K (identical mixing proportions) ;

σ2
kr = σ2 ∀r and ∀k ; (isotropic and homoskedastic model) ;

µkr : piecewise constant regime approximation

Curve clustering : ẑi = argmaxk τik(Ψ̂) with τik(Ψ̂) = P(Zi|xi,yi; Ψ̂)

Model selection : Application of BIC, ICL

Complexity in O(IEMKRnm
2p3) : Significant computational load for large
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Simulation results
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Figure – Misclassification error rate versus the noise level variation.
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Application to switch operation curves

Data set : n = 146 real curves of m = 511 observations.

Each curve is composed of R = 6 electromechanical phases (regimes)
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CEM−PWRM partition
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Cluster 1

Time (Second)
0 1 2 3 4 5

Cluster 2

Time (Second)

EM-GMM EM-PRM EM-PSRM K-means-like CEM-PWRM

721.46 738.31 734.33 704.64 703.18

Table – Intra-cluster inertia for the switch curves.
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Application to Tecator data

The Tecator data set 3 contains n = 240 spectra with m = 100 observations for each

spectrum

Data considered in the same setting as in Hébrail et al. [2010] (six clusters, each cluster

is approximated by five linear segments (R = 5, p = 1))
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3. Tecator data are available at http://lib.stat.cmu.edu/datasets/tecator.
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Figure – Clusters and the corresponding piecewise prototypes for each cluster obtained with

the CEM-PWRM algorithm for the Tecator data set.
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Topex/Poseidon satellite data

The Topex/Poseidon radar satellite data 4 contains n = 472 waveforms of the measured

echoes, sampled at m = 70 (number of echoes)

We considered the same number of clusters (twenty) and a piecewise linear

approximation of four segments per cluster as in Hébrail et al. [2010].

  10 20 30 40 50 60 70
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y

x

Original data

4. Satellite data are available at

http://www.lsp.ups-tlse.fr/staph/npfda/npfda-datasets.html.
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CEM-PWRM clustering
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Summary

Probabilistic approach to the simultaneous curve clustering and optimal

segmentation

Two algorithms : EM-PWRM and CEM-PWRM

CEM-PWRM is a probabilistic-based version of the K-means-like algorithm

Hébrail et al. [2010]

If the aim is density estimation, the EM version is suggested (CEM provides

biased estimators but is well-tailored to the segmentation/clustering end)

For continuous functions the PWRM in its current formulation, may lead to

discontinuities between segments for the piecewise approximation.

This may be avoided by posterior interpolation as in Hébrail et al. [2010].

May lead to significant computational load especially for large time series.

However, for quite reasonable dimensions, the algorithms remain usable
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Mixture of hidden logistic process regressions [4]

The mixture of regressions with hidden logistic processes (MixRHLP) :

f(yi|xi;Ψ) =

K∑
k=1

αk

mi∏
j=1

Rk∑
r=1

πkr(xj ;wk)N
(
yij ;β

T
krxj , σ

2
kr

)
︸ ︷︷ ︸

RHLP

πkr(xj ;wk) = P(Hij = r|Zi = k, xj ;wk) =
exp (wkr0 + wkr1xj)∑Rk

r′=1 exp (wkr′0 + wkr′1xj)
,

Two types of component memberships :

↪→ cluster memberships (global) Zik = 1 iff Zi = k

↪→ regime memberships for a given cluster (local) : Hijr = 1 iff Hij = r

MixRHLP deals better with the quality of regime changes

Parameter estimation via the EM algorithm : EM-MixRHLP
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MLE estimation via the EM algorithm

The observed-data log-likelihood

logL(Ψ) =
n∑
i=1

log

K∑
k=1

αk

mi∏
j=1

Rk∑
r=1

πkr(xj ; wk)N
(
yij ;β

T
krxj , σ

2
kr

)
The complete-data log-likelihood :

logLc(Ψ) =
n∑
i=1

K∑
k=1

Zik logαk +
∑
i,j

K∑
k=1

Rk∑
r=1

ZikHijr log
[
πkr(xj ; wk)N

(
yij ;β

T
krxj , σ

2
kr

)]
.

The conditional expected complete-data log-likelihood

Q(Ψ ,Ψ (q)) = E
[
logLc(Ψ)

∣∣D;Ψ (q)
]

=
n∑
i=1

K∑
k=1

τ
(q)
ik logαk +

∑
i,j

K∑
k=1

Rk∑
r=1

τ
(q)
ik γ

(q)
ijr log

[
πkr(xj ; wk)N

(
yij ;β

T
krxj , σ

2
kr

)]
·
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EM-MixRHLP algorithm

E-step

The posterior cluster memberships :

τ
(q)
ik = P(Zi = k|yi,xi;Ψ

(q)
k ) =

α
(q)
k f(yi|Zi = k,xi;Ψ

(q)
k )∑K

k′=1 α
(q)
k′ f(yi|Zi = k′,xi;Ψ (q)

k′ )

the posterior regime memberships :

γ
(q)
ijr = P(Hij = r|Zi = k, yij , tj ;Ψ

(q)
k ) =

πkr(xj ; w
(q)
k )N (yij ;β

T (q)
kr xj , σ

2(q)
kr )∑Rk

r′=1 πkr′(xj ; w
(q)
k )N (yij ;β

T (q)
kr′ xj , σ

2(q)
kr′ )

·

Computed directly (i.e, without a forward-backward recursion as in the

Markovian model).
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M-step of the EM-MixRHLP
M-step : calculate the update Ψ (q+1) = argmaxΨ Q(Ψ ,Ψ (q)).

Mixing proportions update : standard

α
(q+1)
k =

1

n

n∑
i=1

τ
(q)
ik , (k = 1, . . . ,K).

Regression parameters update : Analytic weighted least-squares problems

β
(q+1)
kr =

[ n∑
i=1

τ
(q)
ik XT

i W
(q)
ikrXi

]−1
n∑
i=1

τ
(q)
ik XT

i W
(q)
ikryi,

σ2
kr

(q+1)
=

∑n
i=1 τ

(q)
ik ||
√

W
(q)
ikr(yi −Xiβ

(q+1)
kr )||2∑n

i=1 τ
(q)
ik trace(W

(q)
ikr)

,

where W
(q)
ikr = diag(γ

(q)
ijr ; j = 1, . . . ,mi).

Maximization w.r.t the logistic processes’ parameters {wk} : solving

multinomial logistic regression problems ⇒ IRLS

↪→ EM-MixRHLP has complexity in O(IEMIIRLSKR
3nmp3) (K-means like

algo. for PWR is in O(IKMKRnm
2p3) ↪→ computationally attractive for

large m with moderate value of R.

Curve approximation, segmentation and model selection Each cluster k is

summarized by approximating it by a single “mean” curve, which we denote by

ŷk. Each point ŷkj of this mean curve is defined by the conditional expectation

ŷkj = E[yij |Zi = k, tj ; Ψ̂k] given by : ŷkj =
∑Rk
r=1 πkr(xj ; ŵk)β̂

T

krxj which is a

sum of polynomials weighted by the logistic probabilities πkr that model the

regime variability over time and which constitutes a smooth flexible

approximation.

The number of mixture components K, the number regimes Rk and the

polynomial degree p can be estimated by maximizing some information criteria

such the BIC. The number of free parameters of the MixRHLP model

νΨ = K − 1 +
∑K
k=1 νΨk with νΨk = (p+ 4)Rk − 2 represents the number of

free parameters of each RHLP component.
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EM-MixRHLP clustering of simulated data
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Clustering switch operations

Clustering real curves of switch operations The data set contains 115 curves of R = 6

operations electromechanical process

K = 2 clusters : operating state without/with possible defect
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Clustering switch operations

Clustering real curves of switch operations The data set contains 115 curves of R = 6

operations electromechanical process

K = 2 clusters : operating state without/with possible defect
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Functional discriminant analysis

Supervised classification context

Data : a training set of labeled functions ((x1,y1, c1), . . . , (xn,yn, cn))

where ci ∈ {1, . . . , G} is the class label of the ith curve

Problem : predict the class label ci for a new unlabeled function (xi,yi)

Tool : Discriminant analysis

Use the Bayes’ allocation rule

ĉi = arg max
1≤g≤G

P(Ci = g)f(yi|xi;Ψg)∑G
g′=1 P(Ci = g′)f(yi|xi;Ψg′)

,

based on a generative model f(yi|xi;Ψg) for each group g

Homogeneous classes : Functional Linear Discriminant Analysis [8]

Dispersed classes : Functional Mixture Discriminant Analysis [5]
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Summary

A full generative model for curve clustering and segmentation

The segmentation is smoothly controlled by logistic functions

An alternative to the previously described mixture of piecewise regressions

more advantageous compared to approaches involving dynamic programming

namely when using piecewise regression especially for large samples.

Could be extended to the multivariate case without a major effort
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FLaMingoS : open source softw. for functional data

FLaMingoS : Functional Latent datA Models for clusterING heterogeneOus time-Series

R software Matlab software
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FLaMingoS : open source softw. for functional data

Available algorithms and Packages

mixRHLP : Mixture of Regressions with Hidden Logistic Processes R software

Matlab software

mixHMM : Mixtures of Hidden Markov Models R software Matlab software

mixHMMR : Mixtures of Hidden Markov Model Regressions R software

Matlab software

PWRM : Piece-Wise Regression Mixture R software Matlab software

Coming soon : Learning of regression mixtures with unknown number

of components

unsupPRM R software Matlab software

unsupSRM R software Matlab software

unsupBSRM R software Matlab software
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2 Latent data models for temporal data segmentation
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Mixture-of-Experts (MoE) modeling framework

Data : an observed i.i.d sample of the pair (X, Y ) where the response Y ∈ R for

the vector of predictors X ∈ Rp is governed by a hidden categorical variable Z

zi ∈ [K] is the expert label for (Xi, Yi)

Mixture of experts (MoE) [Jacobs et al., 1991, Jordan and Jacobs, 1994] :

f(y|x;Ψ) =

K∑
k=1

πk(x; w)︸ ︷︷ ︸
Gating network

fk(y|x;Ψk)︸ ︷︷ ︸
Expert Network

Gating network (e.g softmax) : πk(x; w) =
exp (wk0+wTk x)

1+
∑K−1
`=1

exp (w`0+wT
`
x)

Experts network (e.g Gaussian regressors) : fk(y|x;Ψk) = φ
(
y;µ(x;βk), σ2

k

)
with

parametric (non-)linear regression functions µ(x;βk)

parameter vector Ψ = (wT ,ΨT1 , . . . ,Ψ
T
K)T

↪→ For a review, see Nguyen and Chamroukhi [2018] pdf available here
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Illustration
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Figure – Fitting MoLE to the tone data set with ten outliers (0, 4).

For a set of data containing a group or groups of observations with asymmetric behavior,

heavy tails or atypical observations, the use of normal experts may be unsuitable and can

unduly affect the fit

Objectives

Overcome these imitations of MoE modeling with the normal distribution.

We proposed three non-normal derivations including two robust mixture of experts

(MoE) models. ↪→ suitable to accommodate data which exhibit additional features

such as skewness, heavy-tails and which may be affected by atypical data [Chamroukhi,

2017, 2016a,b]
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1 Introduction

2 Latent data models for temporal data segmentation

3 Mixture models for functional data analysis

4 Mixture-of-Experts for fitting complex non-normal distributions

The skew-normal mixture of experts model

The t mixture of experts model

The skew t mixture of experts model

MEteorits : Open-Source Software
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Non-normal mixtures of experts

Non-normal mixtures of experts (NNMoE)

1 the t MoE (TMoE) (Robustness, heavy tails) [11]

2 the skew-normal MoE (SNMoE) (skewness) [14]

3 the skew-t MoE (STMoE) (skewness, robustness, heavy tails) [15]

Non-normal mixtures
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πk = [0.4, 0.6], µk = [−1, 2] ; σk = [1, 1] ; νk = [3, 7] ; λk = [14,−12] ;
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The skew-normal mixture of experts model

The SNMoE is defined as

f(y|r,x;Ψ) =

K∑
k=1

πk(r;α)SN
(
y;µ(x;βk), σ2

k, λk
)

where each expert component k has indeed a skew-normal distribution, whose

density is defined by (1).

The skew-normal distribution [Azzalini, 1985, 1986] with location µ ∈ R, scale

σ2 ∈ (0,∞) and skewness parameter λ ∈ R has density

SN(y;µ, σ2, λ) =
2

σ
φ(
y − µ
σ

)Φ
(
λ(
y − µ
σ

)
)

φ(.) and Φ(.) denote the pdf and the cdf of the standard normal distribution.

The parameter vector is Ψ = (αT1 , . . . ,α
T
K−1,Ψ

T
1 , . . . ,Ψ

T
K)T with

Ψk = (βTk , σ
2
k, λk)T the parameter vector for the kth skewed-normal expert

component.

It is obvious to see that if the skewness parameter λk = 0 for each k, the SNMoE

model reduces to the NMoE model.
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The skew-normal mixture of experts model

Stochastic representation of the SNMoE : A random variable Yi is said to

follow the SNMoE model if it has the following representation :

Yi = µ(xi;βzi) + δziσzi |Ui|+
√

1− δ2
zi σziEi.

where U and E be independent random variables following the standard normal

distribution N(0, 1) with pdf φ(.), |U | denotes the magnitude of U and

δzi =
λzi√
1+λ2

zi

where Zi ∈ {1, . . . ,K} is a categorical variable following the

multinomial distribution

Zi|ri ∼ Mult(1;π1(ri;α), . . . , πK(ri;α))

where each πzi(ri;α) = P(Zi = zi|ri) is given by the logistic function.

Hierarchical representation of the SNMoE

Yi|ui, Zik = 1,xi ∼ N
(
µ(xi;βk) + δk|ui|, (1− δ2

k)σ2
k

)
,

Ui|Zik = 1 ∼ N(0, σ2
k),

Zi|ri ∼ Mult (1;π1(ri;α), . . . , πK(ri;α))

where Zik are the binary latent component-indicators such that Zik = 1 iff

Zi = k, Zi = (Zi1, . . . , ZiK) and δk = λk√
1+λ2

k

This hierarchical incomplete data representation facilitates the inference scheme by

using the ECM algorithm.
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Maximum likelihood parameter estimation

Given an observed i.i.d sample of n observations {(yi,xi, ri)}ni=1, the parameter

vector Ψ of the SNMoE model can be estimated by maximizing the observed-data

log-likelihood :

logL(Ψ) =

n∑
i=1

log

K∑
k=1

πk(ri;α)SN
(
y;µ(x;βk), σ2

k, λk
)
.

⇒ A dedicated Expectation Conditional Maximization (ECM) algorithm

The ECM algorithm [Meng and Rubin, 1993] is an EM variant that mainly aims at

addressing the optimization problem in the M-step of the EM algorithm. In ECM,

the M-step is performed by several conditional maximization (CM) steps by

dividing the parameter space into sub-spaces. The parameter vector updates are

then performed sequentially, one coordinate block after another in each sub-space.

This is also the generative process for sampling data according to the SNMoE

model
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MLE via the ECM algorithm

The complete-data log-likelihood of Ψ , where the complete-data are

{yi, zi, ui,xi, ri}ni=1, is given by :

logLc(Ψ) = logLc(α) +

K∑
k=1

logLc(Ψk),

with

logLc(α) =

n∑
i=1

K∑
k=1

Zik log πk(ri;α),

logLc(Ψk) =

n∑
i=1

Zik

[
− log(2π)− log(σ2

k)−
1

2
log(1− δ2

k)

− d2
ik

2(1− δ2
k)

+
δk dik ui
(1− δ2

k)σk
− u2

i

2(1− δ2
k)σ

2
k

]
,

where dik = yi−µ(xi;βk)

σk
.
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ECM for the SNMoE : E-Step

E-Step calculates the Q-function

Q(Ψ ;Ψ (m))=E
[
logLc(Ψ)|{yi,xi, ri}ni=1;Ψ

(m)
]
=Q1(α;Ψ

(m)) +

K∑
k=1

Q2(Ψk;Ψ
(m)),

with
Q1(α;Ψ

(m)) =

n∑
i=1

K∑
k=1

τ
(m)
ik log πk(ri;α),

Q2(Ψk;Ψ
(m)) =

n∑
i=1

τ
(m)
ik

[
− log(2π)− log(σ2

k)−
1

2
log(1− δ2

k)

+
δk dik e

(m)
1,ik

(1− δ2
k)σk

−
e

(m)
2,ik

2(1− δ2
k)σ

2
k

− d2
ik

2(1− δ2
k)

]
where the required conditional expectations (analytic) are given by :

τ
(m)
ik = EΨ (m) [Zik|yi,xi, ri] ,

e
(m)
1,ik = EΨ (m) [Ui|Zik = 1, yi,xi, ri] ,

e
(m)
2,ik = EΨ (m)

[
U2
i |Zik = 1, yi,xi, ri

]
.

The τ
(m)
ik ’s represent the posterior distribution of the hidden component labels Zi and

correspond to the posterior memberships of the observed data. The conditional

expectations e
(m)
1,ik and e

(m)
2,ik correspond to the posterior distribution of the hidden

variables Ui and U2
i , respectively. From (1), (1), and (1), it follows that the Q-function

is calculated by analytically calculating these conditional expectations as shown in ??.
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CM-Step 1 Calculate α(m+1) = arg maxαQ1(α;Ψ (m)). does not exist in closed form

(Unlike in skew-normal (regression) mixtures)

The Iteratively Reweighted Least Squares (IRLS) algorithm :

α(l+1) = α(l) −
[∂2Q1(α,Ψ

(m))

∂α∂αT

]−1

α=α(l)

∂Q1(α,Ψ
(m))

∂α

∣∣∣
α=α(l)

Then, for k = 1 . . . ,K,

CM-Step 2 Calculate β
(m+1)
k by maximizing Q2(Ψk;Ψ (m))

β
(m+1)
k =

[ n∑
i=1

τ
(m)
ik xix

T
i

]−1 n∑
i=1

τ
(q)
ik

(
yi − δ(m)

k e
(m)
1,ik

)
xi.

CM-Step 3 : Calculate σ2
k

(m+1)
by maximizing Q2(Ψk;Ψ (m))

σ2
k

(m+1)
=

∑n
i=1 τ

(m)
ik

[(
yi − βTk

(m+1)
xi
)2

− 2δ
(m+1)
k e

(m)
1,ik(yi − βTk

(m+1)
xi) + e

(m)
2,ik

]
2
(

1− δ2
k

(m)
)∑n

i=1 τ
(m)
ik

·

CM-Step 4 Calculate λ
(m+1)
k by maximizing Q2(Ψk;Ψ (m)) : Solution of :

σ2
k

(m+1)
δk(1− δ2

k)
∑n
i=1 τ

(m)
ik + (1 + δ2

k)
∑n
i=1 τ

(m)
ik (yi − βTk

(m+1)
xi) e

(m)
1,ik

− δk
∑n
i=1 τ

(m)
ik

[
e

(m)
2,ik +

(
yi − βTk

(m+1)
xi
)2 ]

= 0· root finding (Brent’s method [Brent,

1973]).

Then, given the update δ
(m+1)
k , the update of the skewness parameter λk is calculated

as δ
(m+1)
k =

λ
(m+1)
k√

1+λ2
k
(m+1)

. It is obvious to see that when the skewness parameter

λk = δk = 0 for all k, the parameter updates for the SNMoE corresponds to those of the

standard NMoE. Hence, compared to the standard NMoE, the SNMoE model is

characterized by an additional flexibility feature, that is the one to be handle possibly

skewed data.
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SNMoE model is tailored to model the skewness in the data, it may be not

adapted to handle data containing groups or a group with heavy-tailed distribution.

The SNMoE as NMoE may thus be affected by outliers.

⇒ Handle the problem of sensitivity of normal mixture of experts to outliers and

heavy tails.

↪→ robust mixture of experts modeling using the t distribution.
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The t mixture of experts model

The proposed t mixture of experts model extends the t mixture model, first

proposed by Mclachlan and Peel [1998], Peel and Mclachlan [2000] for multivariate

data, as well as the regression mixture model using the t-distribution as in [Bai

et al., 2012, Wei, 2012, Ingrassia et al., 2012] to the MoE framework.

A K-component TMoE model is defined by :

f(y|r,x;Ψ) =

K∑
k=1

πk(r;α) tνk
(
y;µ(x;βk), σ2

k, νk
)
.

The t-distribution with location µ ∈ R, scale σ2 ∈ (0,∞) and degrees of freedom

ν ∈ (0,∞) has the probability density function

tνk (y;µ, σ2, ν) =
Γ( ν+1

2
)

√
νπ Γ( ν

2
)

(
1 +

d2
y

ν

)− ν+1
2

,

where d2
y =

(
y−µ
σ

)2
denotes the squared Mahalanobis distance

The parameter vector of the TMoE model is given by

Ψ = (αT1 , . . . ,α
T
K−1,Ψ

T
1 , . . . ,Ψ

T
K)T where Ψk = (βTk , σ

2
k, νk)T

When the robustness parameter νk →∞ for each experts k, the TMoE model

approaches the NMoE model
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The t mixture of experts model

Stochastic representation for the TMoE Let E ∼ φ(.). Suppose that,

conditional on the hidden variable Zi = zi, a random variable Wi is distributed as

Gamma(
νzi
2
,
νzi
2

). Then, given the covariates (xi, ri), a random variable Yi is said

to follow the TMoE model if

Yi = µ(xi;βzi) + σzi
Ei√
Wzi

,

where the categorical variable Zi|ri is multinomial

Hierarchical representation of the TMoE model

Yi|wi, Zik = 1,xi ∼ N

(
µ(xi;βk),

σ2
k

wi

)
,

Wi|Zik = 1 ∼ Gamma
(νk
2
,
νk
2

)
Zi|ri ∼ Mult (1;π1(ri;α), . . . , πK(ri;α)) .

This hierarchical representation involves the hidden variables Zi and Wi facilitates

the ML inference of model parameters Ψ via E(C)M.
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MLE of the TMoE model

Given an i.i.d sample of n observations, Ψ can be estimated by maximizing the

observed-data log-likelihood :

logL(Ψ) =
n∑
i=1

log

K∑
k=1

πk(ri;α)tνk
(
y;µ(x;βk), σ2

k, νk
)
.

⇒ EM algorithm and then describe an ECM extension

The complete data consist of the responses (y1, . . . , yn) and their corresponding

predictors (x1, . . . ,xn) and (r1, . . . , rn), as well as the latent variables

(w1, . . . , wn) (in the hierarchical representation) and the latent labels (z1, . . . , zn).
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MLE of the TMoE model

⇒ The complete-data log-likelihood of Ψ is given by :

logLc(Ψ) = logL1c(α) +

K∑
k=1

[
logL2c(Ψk) + logL3c(νk)

]
,

where

logL1c(α)=

n∑
i=1

K∑
k=1

Zik log πk(ri;α),

logL2c(Ψk)=

n∑
i=1

Zik
[
− 1

2
log(2π)− 1

2
log(σ2

k)− 1

2
wid

2
ik

]
,

logL3c(νk)=

n∑
i=1

Zik
[
− log Γ

(νk
2

)
+
(νk

2

)
log
(νk

2

)
+
(νk

2
− 1
)

log(wi)−
(νk

2

)
wi
]
.
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MLE of the TMoE model : E-Step

E-Step Calculate the Q-function :

Q(Ψ ;Ψ (m)) = Q1(α;Ψ (m)) +

K∑
k=1

[
Q2(θk,Ψ

(m)) +Q3(νk,Ψ
(m))

]
,

where θk = (βTk , σ
2
k)T and

Q1(α;Ψ (m)) =

n∑
i=1

K∑
k=1

τ
(m)
ik log πk(ri;α),

Q2(θk;Ψ (m)) =

n∑
i=1

τ
(m)
ik

[
− 1

2
log(2π)− 1

2
log(σ2

k)− 1

2
w

(m)
ik d2

ik

]
.

Q3(νk;Ψ (m)) =

n∑
i=1

τ
(m)
ik

[
− log Γ

(νk
2

)
+
(νk

2

)
log
(νk

2

)
−
(νk

2

)
w

(m)
ik +

(νk
2
− 1
)
e

(m)
1,ik

]
→ requires the following conditional expectations (analytic) :

τ
(m)
ik = EΨ(m) [Zik|yi,xi, ri] ,
w

(m)
ik = EΨ(m) [Wi|yi, Zik = 1,xi, ri] ,

e
(m)
1,ik = EΨ(m) [log(Wi)|yi, Zik = 1,xi, ri] ·
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MLE of the TMoE model : M-Step

M-Step 1 Calculate α(m+1) by maximizing Q1(α;Ψ (m)) w.r.t α. ⇒ Iteratively via

IRLS (92) as for the mixture of SNMoE.

M-Step 2 Calculate θ
(m+1)
k by maximizing Q2(θk;Ψ (m)) w.r.t θk

β
(m+1)
k =

[ n∑
i=1

τ
(m)
ik w

(m)
ik xix

T
i

]−1 n∑
i=1

τ
(q)
ik w

(m)
ik yixi,

σ2
k

(m+1)
=

1∑n
i=1 τ

(m)
ik

n∑
i=1

τ
(m)
ik w

(m)
ik

(
yi − βTk

(m+1)
xi

)2

.

M-Step 3 Calculate ν
(m+1)
k by maximizing Q3(νk;Ψ (m)) w.r.t νk

⇒ iteratively solve the following equation in νk :

−ψ
(νk

2

)
+log

(νk
2

)
+1+

∑n
i=1 τ

(m)
ik

(
log(w

(m)
ik )− w(m)

ik

)∑n
i=1 τ

(m)
ik

+ψ
(ν(m)

k + 1

2

)
−log

(ν(m)
k + 1

2

)
=0.

This scalar non-linear equation can be solved with a root finding algorithm, such as

Brent’s method [Brent, 1973].
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The skew t mixture of experts (STMoE) model

A K-component mixture of skew t experts (STMoE) is defined by :

f(y|r,x;Ψ) =

K∑
k=1

πk(r;α)ST(y;µ(x;βk), σ
2
k, λk, νk)

kth expert : has a skew t distribution [Azzalini and Capitanio, 2003] :

f
(
y|x;µ(x;βk), σ2, λ, ν

)
=

2

σ
tν(dy(x)) Tν+1

(
λ dy(x)

√
ν + 1

ν + d2
y(x)

)
The skew t mixture of experts (STMoE) model extends the univariate skew t

mixture model Lin et al. [2007], to the MoE framework.

Model characteristics

↪→ For {νk} → ∞, the STMoE reduces to the SNMoE

↪→ For {λk} → 0, the STMoE reduces to the TMoE.

↪→ For {νk} → ∞ and {λk} → 0, it approaches the NMoE.

↪→ The STMoE is flexible as it generalizes the previously described models
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Representation of the STMoE model

Stochastic representation Suppose that conditional on a Multinomial

categorical variable Zi, Ei and Wi are independent univariate random

variables such that Ei ∼ SN(λzi) and Wi ∼ Gamma(
νzi
2 ,

νzi
2 ), and xi and

ri are given covariates. A variable Yi having the following representation :

Yi = µ(xi;βzi) + σzi
Ei√
Wi

is said to follow the STMoE distribution

Hierarchical representation

Yi|ui, wi, Zik = 1,xi ∼ N

(
µ(xi;βk) + δk|ui|,

1− δ2
k

wi
σ2
k

)
,

Ui|wi, Zik = 1 ∼ N

(
0,
σ2
k

wi

)
,

Wi|Zik = 1 ∼ Gamma
(νk

2
,
νk
2

)
Zi|ri ∼ Mult

(
1;π1(ri;α), . . . , πK(ri;α)

)
.

The variables Ui and Wi are hidden in this hierarchical representation
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MLE via the ECM algorithm

Maximize the observed-data log-likelihood :

logL(Ψ) =

n∑
i=1

log

K∑
k=1

πk(ri;α)ST(y;µ(xi;βk), σ
2
k, λk, νk) ·

⇒ This is performed iteratively by a dedicated ECM algorithm.

The complete-data log-likelihood :

logLc(Ψ)= logL1c(α) +
K∑
k=1

[
logL2c(θk) + logL3c(νk)

]
; θk = (βTk , σ

2
k, λk)

T

logL1c(α) =
n∑
i=1

K∑
k=1

Zik log πk(ri;α),

logL2c(θk) =
n∑
i=1

Zik

[
− log(2π)− log(σ

2
k)−

1

2
log(1− δ2k)−

wi d
2
ik

2(1− δ2
k

)
+
wi ui δk dik

(1− δ2
k

)σk
−

wi u
2
i

2(1− δ2
k

)σ2
k

]
,

logL3c(νk) =

n∑
i=1

Zik

[
− log Γ

(
νk

2

)
+

(
νk

2

)
log

(
νk

2

)
+

(
νk

2

)
log(wi)−

(
νk

2

)
wi

]
·
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MLE via the ECM algorithm : E-Step

E-Step Calculates the Q-function, that is the conditional expectation of

the complete-data log-likelihood , given the observed data {yi,xi, ri}ni=1

and a current parameter estimation Ψ (m) given by :

Q(Ψ ;Ψ (m)) = Q1(α;Ψ
(m)) +

K∑
k=1

[
Q2(θk,Ψ

(m)) +Q3(νk,Ψ
(m))

]
,

where

Q1(α;Ψ
(m)

) =
n∑
i=1

K∑
k=1

τ
(m)
ik

log πk(ri;α),

Q2(θk;Ψ
(m)

) =
n∑
i=1

τ
(m)
ik

[
− log(2πσ

2
k)−

1

2
log(1− δ2k)−

w
(m)
ik

d2ik

2(1− δ2
k

)
+
δk dik e

(m)
1,ik

(1− δ2
k

)σk
−

e
(m)
2,ik

2(1− δ2
k

)σ2
k

]
,

Q3(νk;Ψ
(m)

) =
n∑
i=1

τ
(m)
ik

[
− log Γ

(
νk

2

)
+

(
νk

2

)
log

(
νk

2

)
−
(
νk

2

)
w

(m)
ik

+

(
νk

2

)
e
(m)
3,ik

]
.
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MLE via the ECM algorithm : E-Step

⇒ The E-Step requires the following conditional expectations :

τ
(m)
ik = EΨ (m) [Zik|yi,xi, ri] ,

w
(m)
ik = EΨ (m) [Wi|yi, Zik = 1,xi, ri] ,

e
(m)
1,ik = EΨ (m) [WiUi|yi, Zik = 1,xi, ri] ,

e
(m)
2,ik = EΨ (m)

[
WiU

2
i |yi, Zik = 1,xi, ri

]
,

e
(m)
3,ik = EΨ (m) [log(Wi)|yi, Zik = 1,xi, ri] ·

These conditional expectations are calculated analytically except e
(m)
3,ik for

which I adopted a one-step-late (OSL) approach as in Lee and McLachlan

[2014], rather than using a Monte Carlo approximation as in Lin et al. [2007].

I also mention that, for the multivariate skew t mixture models, recently Lee

and McLachlan [2015] presented a series-based truncation approach, which

exploits an exact representation of this conditional expectation and which

can also be used here.
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MLE via the ECM algorithm : M-Step

CM-Step 1 update the mixing parameters α(m+1) by maximizing the function

Q1(α;Ψ (m)) by using IRLS. Then, for k = 1 . . . ,K,

CM-Step 2 Update the regression params (β
T (m+1)
k , σ2

k
(m+1)

) :

β
(m+1)
k =

[ n∑
i=1

τ
(q)
ik w

(m)
ik xix

T
i

]−1
n∑
i=1

τ
(q)
ik

(
w

(m)
ik yi − e(m)

1,ikδ
(m+1)
k

)
xi,

σ2
k

(m+1)
=

∑n
i=1 τ

(m)
ik

[
w

(m)
ik

(
yi − βTk

(m+1)
xi
)2

− 2δ
(m+1)
k e

(m)
1,ik(yi − βTk

(m+1)
xi) + e

(m)
2,ik

]
2
(

1− δ2
k

(m)
)∑n

i=1 τ
(m)
ik

·

CM-Step 3 Update the skewness parameters λk by solving the following equation :

δk(1− δ2k)
n∑
i=1

τ
(m)
ik

+ (1 + δ
2
k)

n∑
i=1

τ
(m)
ik

d
(m+1)
ik

e
(m)
1,ik

σ
(m+1)
k

− δk
n∑
i=1

τ
(m)
ik

[
w

(m)
ik

d
2
ik

(m+1)
+

e
(m)
2,ik

σ2
k
(m+1)

]
= 0 ·

CM-Step 4 Update the degree of freedom νk by solving of the following equation :

−ψ
(νk

2

)
+ log

(νk
2

)
+ 1 +

∑n
i=1 τ

(m)
ik

(
e

(m)
3,ik − w

(m)
ik

)
∑n
i=1 τ

(m)
ik

= 0.
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Prediction, clustering and model selection

Prediction Predicted response : ŷ = EΨ̂ (Y |r,x) with

EΨ̂ (Y |r,x)=
K∑
k=1

πk(r; α̂n)EΨ̂ (Y |Z = k,x),

VΨ̂ (Y |r,x)=
K∑
k=1

πk(r; α̂n)
[

(EΨ̂ (Y |Z = k,x))2 + VΨ̂ (Y |Z = k,x)
]
−
[
EΨ̂ (Y |r,x)

]2
,

where EΨ̂ (Y |Z = k,x) and VΨ̂ (Y |Z = k,x) are respectively the

component-specific (expert) means and variances.

Clustering of regression data Calculate the cluster label as

ẑi = arg
K

max
k=1

E[Zi|ri,xi; Ψ̂ ] = arg
K

max
k=1

πk(r; Ψ̂)fk
(
yi|ri,xi; Ψ̂

)
∑K
k′=1 πk′(r; α̂)fk′

(
yi|ri,xi; Ψ̂k′

)
Model selection The value of (K, p) can be computed by using BIC, ICL

Number of free parameters :

ηΨ = K(p+ 4)− 2 for the NMoE model,

ηΨ = K(p+ 5)− 2 for both the SNMoE and the TMoE models,

ηΨ = K(p+ 6)− 2 for the STMoE model.
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Illustation on Bishop’s data set
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Figure – Fitting the the non-normal mixture of experts models (SNMoE, TNMoE, STMoE) to

the toy data set analyzed in Bishop and Svensén [2003] : n = 250 values of input variables xi
generated uniformly in (0, 1) and output variables yi generated as yi = xi + 0.3 sin(2πxi) + εi,

with εi drawn from a zero mean Normal distribution with standard deviation 0.05.
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Robustness of the NNMoE
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Figure – Fitted MoE to n = 500 observations generated according to the NMoE with 5% of

outliers (x; y = −2) : NMoE fit (top), TMoE fit (bottom).
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Robustness of the NNMoE
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Figure – Fitted MoE to n = 500 observations generated according to the NMoE with 5% of

outliers (x; y = −2) : NMoE fit (top), STMoE fit (bottom).
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Figure – Fitting the MoE models to the tone data set studied by Bai et al. [2012] and Song

et al. [2014] by using robust regression mixture models based on, respectively, the t distribution

and the Laplace distribution : n = 150 pairs of “tuned” predictors (x), and their corresponding

“strech ratio” responses (y).
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Figure – Fitting MoLE to the tone data set with ten added outliers (0, 4).
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Figure – Fitting the MoLE models to the temperature anomalies data set.
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MEteorits : open-source soft. for mixtures-of-experts

MEteorits : Mixtures-of-ExperTs modEling for cOmplex and non-noRmal dIsTributionS

R software Matlab software
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MEteorits : open-source soft. for mixtures-of-experts

Available algorithms and Packages

NMoE : Normal Mixture-of-Experts R software Matlab software

SNMoE : Skew-Normal Mixture-of-Experts R software Matlab software

tMoE : Robust modeling of mixture-of-experts using the t-distribution R software

Matlab software

StMoE : Skew-t Mixture-of-Experts R software Matlab software

High-dimensional Mixtures-of-Experts [Huynh and Chamroukhi, 2019]

Estimation and Feature Selection in Mixtures of Generalized Linear Experts Models

prEMME : proximal Newton EM for estimation and feature selection in

high-dimensional Mixtures-of-Experts [Huynh and Chamroukhi, 2019] R software

Expert models : Poisson R software Logistic R software Gaussian R software

Coming soon : MoE for functional data (functional predictors)

FunME Matlab software
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MoE models in high-dimension
Maximum Likelihood Estimation via EM [Dempster et al., 1977, Jacobs et al., 1991]

MLE : Ψ is commonly estimated by maximizing the observed-data log-likelihood :

Ψ̂n ∈ arg maxΨ∈Θ L(Ψ) with L(Ψ) =
∑n
i=1 log

∑K
k=1 πk(xi;w)f(yi|xi;Ψk)

Regularized MLE of the MoE [Khalili, 2010] [Huynh and Chamroukhi, 2019]

Ψ is estimated by maximizing a penalized observed-data log-likelihood :

Ψ̂n ∈ arg max
Ψ∈Θ

L(Ψ)− Penλ(Ψ)

↪→ Penλ(Ψ) LASSO penalties for experts and the gating network

encourages sparse solutions

parameter estimation and selection problem

High-dimensional Mixtures-of-Experts
Estimation and Feature Selection in Mixtures of Generalized Linear Experts Models

prEMME : proximal Newton EM for estimation and feature selection in

high-dimensional Mixtures-of-Experts R software

Poisson R software Logistic R software Gaussian R software

Coming soon

paper and software FunME Matlab software
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FunME : Functional Mixtures-of-Experts
Ongoing work : MoE with functional predictors/responses

Let {Xi(·), Yi}ni=1, be a random i.i.d sample where Yi ∈ R is the response and

Xi(t); t ∈ T ⊂ R is a functional predictor, for example the time in time series.

The input X(·) is a function (eg. data continuously recorded for some time period)

eg. X(·) are data continuously recorded from multiple subject’ sensors
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Figure – Functional predictors Xij(t) t ∈ T , i = 1, · · · , n and j = 1, . . . , p.
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Thank you for your attention !
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