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m The term “Data Science” has surged in popularity
m Data science is increasingly commonly used with “big data.”

m Data science, including Big Data has recently attracted an enormous interest from
the scientific community
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m What does Data Science mean?

m What about Statistics in the Data Science “area” ?

m There is not yet a consensus on what precisely constitutes Data Science

CONTRIBUTED ARTICLES

Data Science and Prediction

By Vasant Dhar

Communications of the ACM, Vol. 56 No. 12, Pages 64-73
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Use of the term "data science” is increasingly common, as is "big
data.” But what does it mean? Is there something unique about
it? What skills do "data scientists" need to be productive in a
world deluged by data? What are the implications for scientific
inquiry? Here, I address these questions from the perspective of
predictive modeling.
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‘The fise of data science, including Big Data and data

Statement Contributors analytis, has recently atiracted enormous atfention i the
David van Dyk, Imperial College popular press for ts spectacular contributions in a wide range
(chair) of scholarly discipiines and commercial endeavors. These
Montse Fuentes, NCSU Successes are largely the fruitof the innovative and
Michael I. Jordan, UC Berkeley entrepreneurial spiri that characterize this burgeoning fild.
Michael Newton, University of Nonetheless, its nterdisciplinary nature means that a
Wisconsin substantial collaborative effort s needed for it o realize it full
Bonnie K. Ray, Pegged Software potentialfo productivty and innovation. While there is not yet
Duncan Temple Lang, UC Davis a consensus on what precisely constitutes data science, three
Hadley Wicknam, RStudio professional commurites, all within computer science and/or

statstics, are emerging as foundational to data science: ()

o and organization of data resources, (i)

Statistics and Machine Learning convert data into knowledge, and (i) Distributed and Parallel Systems
provide the computational infrastructure to carry out data analysis.

m For a review, see the report of D. Donoho (2015) : “50 years of Data Science”
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m There is not yet a consensus on what precisely constitutes Data Science, but

m Data Science can be seen (defined ?) as? :

the study of the generalizable extraction of knowledge from data.
requires an integrated skill set spanning mathematics, machine
learning, artificial intelligence, statistics, databases, and optimization

a. Vasant Dhar (2013) : Communications of the ACM, Vol. 56 No. 12 : 64-73

m Data Science clearly has an interdisciplinary nature and requires substantial
collaborative effort

m Databases, statistics and machine learning, and distributed systems are
emerging as foundational to data science

(i) Databases : organization of data resources,
(i) Statistics and Machine Learning : convert data into knowledge,

(iii) Distributed and Parallel Systems : computational infrastructure

FAICEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data



Statistics and Data Science

< Statistics play a central role in data science
m Allow to quantify the randomness component in the data

m A well-established background to deal with uncertainty (probabilistic frame- work)
and to establish generizable methods for prediction and estimation

m allow soft decision : e.g. confidence interval in regression and posterior probabilities
in classification

m help for understanding the underlying generative process
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Outline

Introduction
Latent data models for temporal data segmentation
Mixture models for functional data analysis

Mixture-of-Experts for fitting complex non-normal distributions
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Unsupervised Learning

Introduction
m Statistics and Data Science
m Unsupervised Learning
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Clustering of multivariate data

Geyser Data
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Clustering of multivariate data

Geyser Data clustering K-means : K-means iteration : 6
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K-means

m a straightforward and widely used clustering algorithm, is one of the most
important algorithms in unsupervised learning.

m Observed data (x1,...,x%,) in R with unknown cluster labels z = (21,...,2,)
(zi €1,...,K)

m Each of the K clusters is represented by its mean (cluster centroid) g, in R%.

K-means [MacQueen, 1967]

(B i) €arg min  J(Hy,..., iy, 2)

K15 K Z

objective function : 7 (1, ..., pg,2) = S py Yoy Ixi — s, |
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K-means

m a straightforward and widely used clustering algorithm, is one of the most
important algorithms in unsupervised learning.

m Observed data (x1,...,x%,) in R with unknown cluster labels z = (21,...,2,)
(zi €1,...,K)

m Each of the K clusters is represented by its mean (cluster centroid) g, in R%.

K-means [MacQueen, 1967]

(s B, ) €arg . min T (g, pigc, 2)
Ky EKZ

objective function : J(pq,...,Hx,2) = Zk Lo = — p,Zin

= Initialization : (p{”, .. .,p,K )) (eg, randomly chosen data points)
Assignment step : zl(t) = arg min Ix: — . ))?

(t+1) _ Z?lzii’xl
G
i=1 zk

= The K-means algorithm is simple to implement and relatively fast.

HE Relocation step : p,
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Example

Geyser Data
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Example

1200

1000

800

600

Distorsion

400

200

0 I I I I I I I I I
1 15 2 25 3 35 4 45 5 55 6

K-means interation

AMROUKHI ionary Time-Series Data 13/121



K-means

How to measure uncertainty ?

-2

FIGURE — K-means partition (left) vs GMM-EM partition (right)
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Scientific context

m The data are assumed to represent samples from random variables with
unknown probability distributions

m The area of statistical learning and analysis of complex data.

m Data : Complex data < heterogeneous, temporal/dynamical,
high-dimensional /functional, incomplete,...

m Objective : Transform the data into knowledge :
— Reconstruct hidden structure/information, groups/hierarchy of groups,
summarizing prototypes, underlying dynamical processes, etc

Modeling framework

m Latent variable models : f(z|0) = [ f(x,2|0)dz
Generative formulation : 2~ q(2|0)
x|z~ f(zlz,0)
— Mixture models : f(z|0) = Zszl P(z = k) f(z|z = k, Ox) and extensions

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 15/121



Mixture modeling framework

Mixture models [McLachlan and Peel., 2000]

m Mixture density : f(z|0) = Zszl 7k fr(2]0k)

/\\
m Generative model
z ~ M(]-a 1, ) T‘-K)
zlz ~ f(x]6)
— learn @ from the data )
FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data
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Model-Based Clustering

Clustering based on finite mixture models [McLachlan, 1982, McLachlan and Basford,
1988, Banfield and Raftery, 1993, McLachlan and Peel., 2000]
eg.; Gaussian mixture models (GMMs) :

K
Flxi;0) =Y meN (s g, i)

k=1

f(x)

Learning from Heterogeneous & Non-Stationary Time-Series Data
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Mixtures and the EM algorithm (Model-Based Clustering)
Finite Mixture Models [McLachlan and Peel., 2000]
f(a:,B) = Zszl kak(ilf;ek) with 7, > 0 Vk and ZkK=1 T = 1. J

FA1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 18/121



Mixtures and the EM algorithm (Model-Based Clustering)
Finite Mixture Models [McLachlan and Peel., 2000]

f(cc,@) = Zszl kak(a);ek) with 7, > 0 Vk and ZkK=1 T = 1.

Maximum-Likelihood Estimation

6 € arg maxg log L(6)
log-likelihood : log L(6) = 327 log S0 7y fio(a4; O).

FAICEL CHAMROUKHI
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Mixtures and the EM algorithm (Model-Based Clustering)
Finite Mixture Models [McLachlan and Peel., 2000]

f(az,@) = Zszl kak(a);ek) with 7, > 0 Vk and ZkK=1 T = 1.

Maximum-Likelihood Estimation

6 € arg maxg log L(6)
log-likelihood : log L(0) = Y7 log S0 7y fio(a4; O).

The EM algorithm [Dempster et al., 1977, McLachlan and Krishnan, 2008]

new old
0"°" c arg I;lgf)z(E[log L.(0)|D, 0%

complete log-likelihood : log L.(6) = Y7, Zszl Zi log [ fi. (245 01 )] where
Zir. is such that Z;. = 1 if Z; = k and Z;; = 0 otherwise.

FAICEL CHAMROUKHI
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Mixtures and the EM algorithm (Model-Based Clustering)
Finite Mixture Models [McLachlan and Peel., 2000]
f(az,@) = Zszl kak(a);ek) with 7, > 0 Vk and ZkK=1 T = 1.

Maximum-Likelihood Estimation

6 € arg maxg log L(6)
log-likelihood : log L(0) = Y7 log S0 7y fio(a4; O).

The EM algorithm [Dempster et al., 1977, McLachlan and Krishnan, 2008]
0" Ellog L.(0)|D, 8°**
€ arg max Eflog L.(6)|D, 0°]

complete log-likelihood : log L.(6) = Y7, Zszl Zi log [ fi. (245 01 )] where
Zir. is such that Z;. = 1 if Z; = k and Z;; = 0 otherwise.

Clustering

% = argmax <p<i P(Z; = k|lz;0), (i=1,...,n)

FAICEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 18/121



EM for Gaussian mixture models

E-Step : calculates the posterior component memberships :

i N G i, 240)

@ _ P(Z; = k|x;, ®?) =
ik - 1 T 19 -
Ti 2(221 Wéq)N(Xi, N@Q)’ qu))

that x; originates from the kth component density.

M-Step : parameter updates :

Zn (‘Z) @

(g+1) i=1Tik
g _ 1Tk _ .
1
+1
w! = WZTZ%’)X“
kooi=
1 n
Eiqﬂ) _ WZT};?)(X:‘—M(Hl))(xi—ﬂ(qﬂ))T'
kooi=1
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Example

Iris Data
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FIGURE — A three-class example of a real data set : Iris data of Fisher.
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Example

Iris Data clustering GMM : EM iteration : 21
25 T T
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Example
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Mixtures in a high-dimensional setting

m Parsimonious GMMs [Banfield and Raftery, 1993, Celeux and Govaert, 1995] :

» Eigenvalue decomposition of the covariance matrices :
= )\kaAkDg

> )\ the volume of the kth cluster (the amount of space of the cluster).

» Dy = (Vki,...Vkp) orthogonal matrix of eigenvectors v of 3, :
determines the orientation of the cluster.

» Ay =diag( M1, - . \ip)/|Zk|YP a normalized diagonal matrix (its
determinant is 1) of the eigenvalues of X, arranged in a decreasing
order. This matrix is associated with the shape of the cluster.

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 22/121



Mixtures in a high-dimensional setting

m Parsimonious GMMs [Banfield and Raftery, 1993, Celeux and Govaert, 1995] :

» Eigenvalue decomposition of the covariance matrices :
¥r = MDA DY

> )\ the volume of the kth cluster (the amount of space of the cluster).

» Dy = (Vki,...Vkp) orthogonal matrix of eigenvectors v of 3, :
determines the orientation of the cluster.

» Ay =diag( M1, - . \ip)/|Zk|YP a normalized diagonal matrix (its
determinant is 1) of the eigenvalues of X, arranged in a decreasing
order. This matrix is associated with the shape of the cluster.

forp>n:
m use regularization (LASSO etc) of the log-likelihood
m Mixtures of Factor Analyzers [McLachlan et al., 2003] (or extensions MCFA,
MCUFSA..)
3, =BiBY + Ay
By is a p X g (with ¢ < p) matrix and Ay is a diagonal matrix.
— (BxB{ + Ak)71 and |B;B} + Ax| are calculated in a g-dimensional space !

FaicEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 22/121



How many clusters in the data?

m The problem of choosing the number of clusters can be seen as a model selection
problem.

m The model selection task consists of choosing a suitable compromise between
flexibility so that a reasonable fit to the available data is obtained, and over-fitting.

m A common way is to use a criterion (score function) that ensure the compromise.

score(model) = error(model) + penalty(model complexity)
which will be minimized.

m Here the complexity of a model M is related to the number of its (free)
parameters v

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 23/121



Model selection

e Akaike Information Criterion (AIC) [Akaike, 1974] :
AIC(M,n) = log L(81) — m

e Bayesian Information Criterion (BIC) [Schwarz, 1978] :

U log(n)

BIC(M,,) = log L(6.,,) — 5

o Integrated Classification Likelihood (ICL) [Biernacki et al., 2000] :

ICL(Mo) = log Le(0) — %g(”)

where log Lc(b\m) is the complete-data log-likelihood for the model M., and vy,
denotes the number of free model parameters. For example, in the case of a
d-dimensional Gaussian mixture model we have :

dx(d+1) Kx(d+1)x(d+2)

v=(K-1)+K xd)+ K x = —1.
—— N — 2 2
B N—
k'S {rr} (=4}

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 24/121



Examples

-2 0 2 -2 0 2

FIGURE — Clustering results obtained with K-means algorithm (left) with K = 2 and the EM
algorithm (right). The cluster centers are shown by the red and blue crosses and the ellipses are
the contours of the Gaussian component densities at level 0.4 estimated by EM. The number of
clusters for EM have been chosen by BIC for K =1,...,4.
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Examples

Iris Data
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FIGURE — A three-class example of a real data set : Iris data of Fisher.
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Examples

Iris Data
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FIGURE — Iris data : Clustering results with EM for a GMM and AIC.
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Unsupervised Sparse Signal Decomposition
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Unsupervised Sparse Signal Decomposition
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Unsupervised Sparse Signal Decomposition
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Outline

Introduction
Latent data models for temporal data segmentation
Mixture models for functional data analysis

Mixture-of-Experts for fitting complex non-normal distributions
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Outline

Latent data models for temporal data segmentation
m Piecewise Regression
m Regression with hidden logistic process
m Multiple hidden process regression
m SaMUraiS : Open-Source Software

Temporal data with regime changes

Power (Wat)
“in(2) fmonm)
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Temporal data

Temporal data with regime changes

s50f

Power (Wati)

3 8§ 8

Power (Wat)
H

2 3 @
‘Time (Second)

m Data with regime changes over time

m Abrupt and/or smooth regime changes

Objectives

Temporal data modeling and segmentation

2 3 @
Time (Second)
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Latent data models for temporal data segmentation

y = (y1,--.,Yn) a time series of n univariate observations y; € R observed at the
time points t = (t1,...,tn)

Times series segmentation context
m Time series segmentation is a popular problem with a broad literature

m Common problem for different communities, including statistics, signal
processing, machine learning, finance

m The observed time series is generated by an underlying process
— segmentation = recovering the parameters the process’ states.

m Conventional solutions are subject to limitations in the control of the
transitions between these states

m — Propose latent data modeling for segmentation and approximation

B <> segmentation = inferring the model parameters and the underlying
process

FA1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 33/121



Piecewise regression [McGee & Carleton 70], Chamroukhi et al. [2009]

m The data: ((¢1,91),.-., (tn,yn)) where y; is the observation et time ¢;

m The piecewise polynomial regression model is defined as :
BTx;, +ein ifich
Bz +ein ificlh

Yi=1,...,n, x;=

Bra, +eix ificlgk

Iy =]vk..vk+1] : indexes of elements of segment k with (y; =0 and

YK +1="n).

x; = (1,t;,...,t7)" : time-dependent covariates vector

B, € RPTL : regression coefficients vector for the Eh segment

eir ~ N(0,0}) : independent additive Gaussian noise on the segment k.

The model parameters

(1#’7) With 1'[’: (ﬁ{7"'7ﬁ};70%7"'7o’%<) and FY: (’717""7K+1)T

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 34/121



Parameter estimation piecewise regression

Maximize the likelihood of (), 4) or equivalently minimize, with respect to (1,~) :

=33 [l + =B Y)

k=1iel}

m Global optimization using by dynamic programming [Bellman 61 ; Stone 61 ;
Lechevallier 90, C. 2009] since the criterion J is additive on k

Time series approximation and segmentation

= izkﬁfml ;o Vi=1,...,n
m 25 =1ifi € Iy = (5%, Yx11] (yi belongs to the k*" segment) and 2, = 0
otherwise

m Using dynamic programming can be computationally expensive

m Provides a hard partition = adapted for regimes with abrupt changes

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 35/121



Regression with hidden logistic process

Let y = (y1,--.,Yn) be a time series of n univariate observations y; € R
observed at the time points t = (¢4,...,t,) governed by K regimes.
The Regression model with Hidden Logistic Process (RHLP) [1]

Yyi = ,Bz_wi—f—O'Ziﬁi 5 GiNN(071>7 (7/:1,7’11)

Zi ~ M(l,ﬂ'l(ti;W),...,ﬂ'K(ti;W))
Polynomial segments ,Bzicci with &; = (1,4, ... ,tf)T with logistic probabilities

t;
it W) = P(Z; = K|ty w) = — R )

S exp (wert; + wio)

K

fyilti; 0) = Zﬁk(ti;W)N(%;ﬁfﬂ?i,@%)

k=1
m Both the mixing proportions and the component parameters are time-varying

= Parameter vector of the model :0 = (w”,81,...,8%,0%,...,0%)7

Fa1cEL CHAMROUKHI
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lllustration

m Modeling with the logistic distribution allows activating simultaneously and
preferentially several regimes during time

. _ _exp (Ae(tityk))
Ly W) = iy exp (Ae(ti+e))

1
— =5 im=-3
A =10 =2
08 08 5
S A =50 1 =-15]
0§ 06
4 Ed
= 04 = 04
& 3
02) 02
N\
0 ) 5 % 4 5
Time

Time

= The parameter A\, = wy, controls the quality of transitions between
regimes

= The parameter 7y, = wyo/wg is related to the transition time point
m Ensure time series segmentation into contiguous segments
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lllustration
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lllustration

0.8 4
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nk(t;w)

0.21 4
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K =5 polynomial components of degree p = 2
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Parameter estimation : MLE via EM : EM-RHLP

m Parameter vector : 0 = (w?,87,... 8%, 0f,...,0%)T

m Maximize the observed-data log-likelihood :

n K
log L(6;y,t) = Y log Y mk(ti;w)N (yi; By @i, ok

i=1 k=1
m Complete-data log-likelihood
n K
log Le(0;y,t,2) = Y > Zulog[ma(ti; w)N (yi; B i, o)
i=1 k=1

Zi = 1if Z; = k (i.e., when y; belongs to the kth component)

m The Q-function
Q(6,09) = E[loch(e Y, t,2)|y, t e<q>]
n K
= > > [logﬂk tuW)N(yi;ﬂfwi,oi)]
i=1 k=1
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EM-RHLP

m E-Step : compute the posterior component memberships :

(tz (q)) (yhﬁk wuo—i(q)) .
SR me(ti; WO)N (yi; B; Vi, o7 D)

i = P(Zi = klyi, t:;09) =

m M-Step : compute the parameter update 8(7+1) = argmng(O,H(Q))

](€q+1) [Z (g)ml ] Z’Tk y;x;  weighted polynomial regression
n
(g+1) +1
A - S gL
Zz 1 zk =1

n K
wleth) arg maxzz (@) log 7, (t;; w)  weighted logistic regression
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EM-RHLP algorithm

M-Step : Weighted multi-class logistic regression

wlth = arg maxz Z T(Q) log 7y (t;; W)
i=1 k=1

m A convex optimization problem

m Solved with a multi-class Iteratively Reweighted Least Squares (IRLS)
algorithm (Newton-Raphson)

WD — w® _ [_82Qw(wa‘9(q))]f 0Qw(w,0')
owowT w=w(® ow w=w(D

Analytic calculation of the Hessian and the gradient

m EM-RHLP algorithm complexity : O(IgwIirs K3p®n) (more advantageous
than dynamic programming).
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Time series approximation and segmentation

Approximation : a prototype mean curve

—Eyzltwe Zﬂ-k tszﬂkwi

— A smooth and flexible approximation thanks to the the logistic weights

< The RHLP can be used as nonlinear regression model y; = f(t;;0) + ¢;
by covering functions of the form f(¢;;0) = Zszl me(ti; w)Brx;  [3]

Curve segmentation :

& = arg max Blzift; W) = arg max mi(ti; W)

Model selection Application of BIC, ICL
BIC(K, p) = log L(8) — %g(") . ICL(K, p) = log Lc(6) — %g(") where
vg=K(p+4)—2.
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Application to real data
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Joint segmentation of multivariate time series

Multiple hidden process regression

m Data: (yq,...,y,) a time series of n multidimensional observations
Yy, = (yl(l), el yfd))T € R? observed at instants t = (t1,...,t,).
= Model
vV = BTmi+ole
y? = BTz 4ol

Vectorial form : y, = B;riwi +e ; e~N(0ZX,), (i=1,...,n)

m The latent process z = (z1,. .., z) simultaneously governs the univariate time
series components

< Multiple regression with hidden logistic process : Multiple RHLP [6]
< Multiple Hidden Markov model regression (MHMMR) [7]
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Multiple hidden Markov model regression

m MHMMR : Estimation by the EM algorithm (as for HMMs)

— Solve multiple regression problems

Application to human activity time series

s
. e na A7
5 - =
E
- 15

10 s s mna s,
Y — e
£ S—
g = T -
g .
B ol

e

B T T T T o =
=

®

5 5 = = = S

Time (=)

FIGURE — MHMMR Segmentation of acceleration data issued from three body-worn sensors
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Multiple regression with hidden logistic process

m MRHLP : Estimation by the EM algorithm (as for the RHLP)

— Solve multiple regression problems

Application to human activity time series

Problem : Activity recognition from multivariate acceleration time series

—
7
B
|
Tt
X
TN
oL W

oo
'

st s

Jertns o)

Posture Pobab

s 7o 5 ED)
Sime (=)

FIGURE — MRHLP segmentation of acceleration data issued from three body-worn sensors
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SaMUraiS : open source software for time-series

SaMUraiS : StAtistical Models for the UnsupeRvised segmentAtlon of time-Series !

1. credit: pictures above created via dreamscopeapp.com
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https://github.com/fchamroukhi/SaMUraiS
https://github.com/fchamroukhi?&tab=repositories&q=time-series&type=public&language=matlab

SaMUraiS : open source software for time-series

Available algorithms and Packages
m RHLP : Regression with Hidden Logistic Process (i CIEIEIERD

® HMMR : Hidden Markov Model Regression [ > R software X » Matlab software J
m PWR : Piece-Wise Regression > R software X » Matlab software J

m MRHLP : Multivariate RHLP CEEEED IR

# MHMMR : Multivariate HMMR (D GIEEERED
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https://github.com/fchamroukhi/RHLP
https://github.com/fchamroukhi/RHLP_m
https://github.com/fchamroukhi/HMMR
https://github.com/fchamroukhi/HMMR_m
https://github.com/fchamroukhi/PWR
https://github.com/fchamroukhi/PWR_m
https://github.com/fchamroukhi/MRHLP
https://github.com/fchamroukhi/MRHLP_m
https://github.com/fchamroukhi/HMMR
https://github.com/fchamroukhi/MHMMR_m

Outline

Mixture models for functional data analysis
m Mixture of piecewise regressions
m Mixture of hidden logistic process regressions
m Mixture of hidden hidden Markov model regression
m Functional discriminant analysis
m FLaMingoS : Open-Source Software
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Functional data are increasingly frequent

Power (Wat)

500

1000

550 T 2 3 0 B
wavelength Time (Second)

Tecator data Railway switch curves

phonemes aa, 30, dd, iy sh

T 20 140

CRCT 30 40
raquencies ‘echo length

Phonemes curves Satellite waveforms

Fa1cEL CHAMROUKHI

Learning from Heterogeneous & Non-Stationary Time-

ries Data 50/121



Statistical analysis of functional data

A broad literature :

[James and Hastie, 2001, James and Sugar, 2003]
[Ramsay and Silverman, 2005]

[Ferraty and Vieu, 2006]

[Ramsay et al., 2011]

[Bouveyron and Jacques, 2011]

[Samé et al., 2011]

[Delaigle et al., 2012]

[Jacques and Preda, 2014]

[Bouveyron et al., 2018]

[Qiao et al., 2018]

A review can be found in [Chamroukhi and Nguyen, 2018] CEEHENEIENENED

m Functional regression
m Functional classification
m Functional clustering, including model-based

m Functional graphical models
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https://chamroukhi.com/papers/MBCC-FDA.pdf

Clustering of functional data

Phonemes data set? : n = 1000 log-periodograms for m = 150 frequencies

Original data Robust EM-MixReg clustering : teration 31; K = 5 Robust EM-MixReg clustering : eration 31; K = §
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http://www.math.univ-toulouse.fr/staph/npfda/

Clustering of functional data

Clustering real curves of high-speed railway-switch operations
Data : n = 115 curves of m ~ 510 observations
K = 2 clusters : operating state without/with possible defect
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Clustering switch operations

Clustering real curves of high-speed railway-switch operations
Data : n = 115 curves of m ~ 510 observations
K = 2 clusters : operating state without/with possible defect

Power (Watt)

3
Time (Second)
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Functional data analysis context

Unsupervised analysis of heterogeneous curves with regime changes

Power (Watt)
Power (Watl)

350

1

2 3 @ 5
‘Time (Second)

Railway switch curves An individual curve
Objectives

m Curve clustering/classification (functional data analysis framework)

m Deal with the problem of regime changes < Curve segmentation
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Outline

Mixture models for functional data analysis
m Mixture of piecewise regressions
m Mixture of hidden logistic process regressions
m Mixture of hidden hidden Markov model regression
m Functional discriminant analysis
m FLaMingoS : Open-Source Software
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Functional data analysis context

Data

m The individuals are entire functions (e.g., curves, surfaces)

m A set of n univariate curves ((z1,Y1),.--, (Zn,Y,,)
m (x;,y,;) consists of m; observations y, = (Y1, .., Yim,;) observed at the
independent covariates, (e.g., time ¢ in time series), (zi1,...,Tim,)

Objectives : exploratory or decisional

Unsupervised classification (clustering, segmentation) of functional data,
particularly curves with regime changes : [4] [9], [C11] [16]

Discriminant analysis of functional data : [2], [5]

Functional data clustering/classification tools
m A broad literature (Kmeans-type, Model-based, etc)

= Mixture-model based cluster and discriminant analyzes
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Mixture modeling framework for functional data

m The functional mixture model :

K
flyle; ®) = > apfilylz; @)

k=1

m fi(y|x) are tailored to functional data : can be polynomial (B-)spline
regression, regression using wavelet bases etc, or Gaussian process
regression, functional PCA

< more tailored to approximate smooth functions

— do not account for segmentation

Here fi(y|x) itself exhibits a clustering property via hidden variables (regimes) :
Riecewise regression model (PWR)
Regression model with a hidden process (RHLP)
Regression model with Markov process (HMMR)
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Piecewise regression mixture model (PWRM) [9]

m A probabilistic version of the K-means-like approach of [Hébrail et al., 2010]

K Ry
filzes®) =Y o ][ [ N BL@i, 0t

k=1 r=1j€lg,

PWR

Iy =)€kr..Ek,r+1] are the element indexes of segment r for component k

m — Simultaneously accounts for curve clustering and segmentation

m Parameter vector ¥ = (ai,...,ax—1,01,...,0%, &7, €5)T with
T T T T
0 = (/Bkh" . 713kRk70'1%17 cee 70-I€Rk) and £k = (51617' B 7£k,Rk+l)

Parameter estimation
Maximum likelihood estimation : EM-PWRM
Maximum classification likelihood estimation : CEM-PWRM
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EM-PWRM

m Maximize the observed-data log-likelihood :

log L(¥ ZlogZak H H N(ylj,ﬂmm”,akr)
=1

r=1lj€ly,

m The complete-data log-likelihood

n n K Rg
log L.(¥,z) Z wlogar+y Y >N Zilog N(yis: Br@ij, 07,)
k=11=1 i=1 k=1r=1j €I,

m The conditional expected complete-data log-likelihood

n n Ry
Q. ¥) = Z 7 log ak+§j >3 > i og N (yis: Bhr@iy, of,)
k=1i=1 k=11i=1 r=L€l,
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EM-PWRM algorithm
E-step : Compute the (Q—function

— Compute the posterior probability that the ith curve belongs to component & :
(q) (a)
(a) _ _ N o A AL )
T =P(Z; = kly,,x;; ¥ =
ik (i Y, @i ) K_ o f (ylese @)

M-step : Compute the update ¥7) = argmaxy Q(¥, @)

n (a)
q+1) i=1T;
m ot —ZimTe (k=1 K)
. . . . . . 2
B maximization w.r.t the piecewise regression parameters {£;,., By, 0%} < a
weighted piecewise regression problem < dynamic programming :

n 71 n
](Ji-,—l) = [ Z TZ(]:])XZFXW] Z Xiryi'r
i=1 i=1
n
02(q+1) _ 1 ZT(q) I _X. (q+1)||2
kr = @ ik 1Yir irP gy

> i ZJ'EI;(CZ) Tik i=1

y,, are the observations of segment 7 of the ith curve and X, its design
matrix
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Maximum classification likelihood estimation : CEM-PWRM

m Maximize the complete-data log-likelihood w.r.t (¥, z) simultaneously

m C-step : Bayes' optimal allocation rule : 2, = argmaxi <<k ik (¥)
CEM-PWRM is equivalent to the K-means-like algorithm of Hébrail et al. [2010] :

K Ry

log Le(2, %) oc T (2, {r e }) = 3 D S > (wij — purr)’

k=1r=14|Z;=k jElxr
if the following conditions hold :
® o = + VK (identical mixing proportions) ;
m 07, =02 Vr and Vk; (isotropic and homoskedastic model);

B [k : piecewise constant regime approximation

m Curve clustering : Z; = arg maxy, 74 (¥) with 73, () = P(Z;|@;, y;; )
m Model selection : Application of BIC, ICL

m Complexity in O(Igm K Rnm?p?) : Significant computational load for large
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Simulation results

Cluster 1 Cluster 2

20 40 60 80 100 120 140
X
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FIGURE — Misclassification error rate versus the noise level variation.

CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 63/121



Application to switch operation curves

Data set : n = 146 real curves of m = 511 observations.
Each curve is composed of R = 6 electromechanical phases (regimes)

CEM-PWRM partition

Power (Watt)
Power (Watt)

2 3
Time (Second)
Cluster 1 Cluster 2

2 3
Time (Second)
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Application to Tecator data

The Tecator data set > contains n = 240 spectra with m = 100 observations for each
spectrum

Data considered in the same setting as in Hébrail et al. [2010] (six clusters, each cluster
is approximated by five linear segments (R = 5,p = 1))

absrobance

wavelength

3. Tecator data are available at http://1ib.stat.cmu.edu/datasets/tecator.
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http://lib.stat.cmu.edu/datasets/tecator
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Topex/Poseidon satellite data

The Topex/Poseidon radar satellite data® contains n = 472 waveforms of the measured
echoes, sampled at m = 70 (number of echoes)

We considered the same number of clusters (twenty) and a piecewise linear
approximation of four segments per cluster as in Hébrail et al. [2010].

Original data
250 T T T T

200

150

100

50

4. Satellite data are available at
http://wuw.lsp.ups-tlse.fr/staph/npfda/npfda-datasets.html.
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http://www.lsp.ups-tlse.fr/staph/npfda/npfda-datasets.html

CEM-PWRM clustering
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Summary

m Probabilistic approach to the simultaneous curve clustering and optimal
segmentation

m Two algorithms : EM-PWRM and CEM-PWRM

m CEM-PWRM is a probabilistic-based version of the K-means-like algorithm
Hébrail et al. [2010]

m If the aim is density estimation, the EM version is suggested (CEM provides
biased estimators but is well-tailored to the segmentation/clustering end)

m For continuous functions the PWRM in its current formulation, may lead to
discontinuities between segments for the piecewise approximation.

m This may be avoided by posterior interpolation as in Hébrail et al. [2010].

m May lead to significant computational load especially for large time series.
However, for quite reasonable dimensions, the algorithms remain usable
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Mixture of hidden logistic process regressions [4]

m The mixture of regressions with hidden logistic processes (MixRHLP) :

mg

k
yz|wzv Z (673 H Z ﬂ—k’r(xj:, Wk)N(y1J7 IB%-'T‘wj7 0'137”)

k=1 j=1r=1

RHLP

exp (Wrro + Wir175)

254;1 exp (W0 + Wiy 125) ’

Tr(xjwWi) =P(Hyj = 7|2 = kx5 wy) =

m Two types of component memberships :
— cluster memberships (global) Z;, = 1iff Z, = k
— regime memberships for a given cluster (local) : H;; =1 iff H;j =r
MixRHLP deals better with the quality of regime changes

m Parameter estimation via the EM algorithm : EM-MixRHLP
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MLE estimation via the EM algorithm

m The observed-data log-likelihood

n K m; Rp
log (%) =3 1o > e [[ 3w o wid (ys 8L 2. %,)
i=1 k=1 j=1r=1
m The complete-data log-likelihood :
n K K Ry
log L.(¥) = z z Ziy log o, + z z Z ZirHijr log [Wkr(wj; wi)N (yij§ Bz, UI%T)]
i=1 k=1 i,j k=1r=1

m The conditional expected complete-data log-likelihood

Qo) = E [log L.()|D; w@]

n K K Ry
= ZZTL-(? log o + ZZZTL%)’YZ% log [Wkr(wj;wk)/\f (yij;lazrwjv U;%r)] |

i=1k=1 i,j k=1r=1
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EM-MixRHLP algorithm

E-step

m The posterior cluster memberships :

(‘”f(yzlz )
S o fwil Zi =k mi;u‘/i‘i)>

Ti(lg) = ]P( i — k|ymm175p(q))

m the posterior regime memberships :

T
Wkr(mjvwl(c)) (yij; By, (q)mj’ Q(q))

(a) (a)
Yigr = P(Hiz = 7|Zi = k,yiz, t;; %) = -
! Zf/ 1 Wkr/(xjvwk ))N(yu:ﬁkr(,q) ngg))

Computed directly (i.e, without a forward-backward recursion as in the
Markovian model).
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M-step of the EM-MixRHLP
M-step : calculate the update glatl) — arg maxy Q(W,W(q)).
m Mixing proportions update : standard
1
o = — 2<,§>, (k=1,...,K).
i=1

m Regression parameters update : Analytic weighted least-squares problems

l(cqrﬂ) _ [ZT(MXTWEZZX ] ZT@)XTWEZzy“
(a) ( ) (q+1)
O'i (GH’l) _ "7' =1 7,13 H zlgr yz X B : )"2
T - y

iy Ty trace(WT)

where W(q) = dlag(*yw) j=1,...,my).

r
m Maximization w.r.t the logistic processes’ parameters {wy} : solving
multinomial logistic regression problems = IRLS

m — EM-MixRHLP has complexity in O(IgmIirLs K R3nmp?) (K-means like
algo. for PWR is in O(Ixm K Rnm?p?) — computationally attractive for
large m with moderate value of R.
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EM-MixRHLP clustering of simulated data
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Clustering switch operations

Clustering real curves of switch operations The data set contains 115 curves of R = 6
operations electromechanical process
K = 2 clusters : operating state without/with possible defect
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Clustering switch operations

Clustering real curves of switch operations The data set contains 115 curves of R = 6
operations electromechanical process
K = 2 clusters : operating state without/with possible defect
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Functional discriminant analysis

Supervised classification context

m Data : a training set of labeled functions ((x1,y4,¢1), .., (Tn, Y, 1))
where ¢; € {1,...,G} is the class label of the ith curve

m Problem : predict the class label ¢; for a new unlabeled function (z;,y;)

Tool : Discriminant analysis

Use the Bayes' allocation rule

¢; = arg max ]P)(CZ = g)f(yzh:zvg’g)
i = s
% T PG = o) f(wilme By

based on a generative model f(y,|x;;¥,) for each group g

m Homogeneous classes : Functional Linear Discriminant Analysis [8]

m Dispersed classes : Functional Mixture Discriminant Analysis [5]
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Summary

A full generative model for curve clustering and segmentation

The segmentation is smoothly controlled by logistic functions

An alternative to the previously described mixture of piecewise regressions

m more advantageous compared to approaches involving dynamic programming
namely when using piecewise regression especially for large samples.

m Could be extended to the multivariate case without a major effort
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FLaMingoS : open source softw. for functional data

FLaMingoS : Functional Latent datA Models for clusterING heterogeneOus time-Series
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https://github.com/fchamroukhi/FLaMingoS
https://github.com/fchamroukhi?&tab=repositories&q=mix&type=public&language=matlab

FLaMingoS : open source softw. for functional data

Available algorithms and Packages

= mixRHLP : Mixture of Regressions with Hidden Logistic Processes G

» Matlab software

m mixHMM : Mixtures of Hidden Markov Models Gaiititty GaUEHELECRIEE

= mixHMMR : Mixtures of Hidden Markov Model Regressions GEEEEEE

» Matlab software

m PWRM : Piece-Wise Regression Mixture GaEEEE

Coming soon : Learning of regression mixtures with unknown number
of components
unsupPRM

unsupSRM
unsupBSRM » R software » Matlab software
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https://github.com/fchamroukhi/mixRHLP
https://github.com/fchamroukhi/mixRHLP_m
https://github.com/fchamroukhi/mixHMM
https://github.com/fchamroukhi/mixHMM_m
https://github.com/fchamroukhi/mixHMMR
https://github.com/fchamroukhi/mixHMMR_m
https://github.com/fchamroukhi/PWRM
https://github.com/fchamroukhi/PWRM_m
https://github.com/fchamroukhi/unsupPRM_R
https://github.com/fchamroukhi/unsupPRM_m
https://github.com/fchamroukhi/unsupSRM_R
https://github.com/fchamroukhi/unsupSRM_m
https://github.com/fchamroukhi/unsupBSRM_R
https://github.com/fchamroukhi/unsupBSRM_m

Outline

Mixture-of-Experts for fitting complex non-normal distributions
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m The skew t mixture of experts model
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Mixture-of-Experts (MoE) modeling framework

m Data : an observed i.i.d sample of the pair (X,Y’) where the response Y € R for
the vector of predictors X € RP is governed by a hidden categorical variable Z
z; € [K] is the expert label for (X;,Y;)

m Mixture of experts (MoE) [Jacobs et al., 1991, Jordan and Jacobs, 1994] :

K

Flyle; @) = D m(a;w) filyla; &)
= —_——— ——

Gating network Expert Network

exp (wk0+w{m)
K—-1
143,07 exp (weo+wi @)

m Gating network (e.g softmax) : mx(z; w) =
m Experts network (e.g Gaussian regressors) : fi(y|@; ¥r) = ¢(y; u(x; By,), ok) with
parametric (non-)linear regression functions u(x; 3;)

m parameter vector ¥ = (w?, @1, ... w7

< For a review, see Nguyen and Chamroukhi [2018] CEEHENEIEEIENEED
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STMOE

NMoE
© Cluster 1 © Cluser 1 o Cluster
o Cluster2 o Giusier2 o Clster2

— Expert mean 1 —Expert mean 1 —Expert mean 1
351 — Export moan 2 « 35t —Exertmean2 < 35f —Export moan 2

FIGURE — Fitting MoLE to the tone data set with ten outliers (0,4).

For a set of data containing a group or groups of observations with asymmetric behavior,
heavy tails or atypical observations, the use of normal experts may be unsuitable and can

unduly affect the fit

Objectives

m Overcome these imitations of MoE modeling with the normal distribution.

m We proposed three non-normal derivations including two robust mixture of experts
(MoE) models. < suitable to accommodate data which exhibit additional features
such as skewness, heavy-tails and which may be affected by atypical data [Chamroukhi,

2017, 2016a,b]
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Mixture-of-Experts for fitting complex non-normal distributions
m The skew-normal mixture of experts model
m The ¢t mixture of experts model
m The skew t mixture of experts model
m MEteorits : Open-Source Software
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Non-normal mixtures of experts

Non-normal mixtures of experts (NNMoE)

the t MoE (TMoE) (Robustness, heavy tails) [11]
the skew-normal MoE (SNMoE) (skewness) [14]
the skew-t MoE (STMoE) (skewness, robustness, heavy tails) [15]
v
Non-normal mixtures
=
7 = [0.4,0.6], ug = [—1,2]; o = [1,1]; vg = [3,7); A\ = [14, —12]; )
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The skew-normal mixture of experts model

m The SNMOoE is defined as

K
Flra®) = 3 m(r; a)SN(y; s By), o3, Ae)

k=1

where each expert component k& has indeed a skew-normal distribution, whose
density is defined by (1).

m The skew-normal distribution [Azzalini, 1985, 1986] with location u € R, scale
o € (0,00) and skewness parameter A € R has density

L2 _ 2, y—np y—n
SN, 0”0 = o (A=)
@(.) and ®(.) denote the pdf and the cdf of the standard normal distribution.

m The parameter vector is & = (a1 ,...,a%k_, @7, ... wE)T with

W), = (87,02, M\)T the parameter vector for the kth skewed-normal expert
component.

m It is obvious to see that if the skewness parameter A\ = 0 for each k, the SNMoE
model reduces to the NMoE model.
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The skew-normal mixture of experts model

m Stochastic representation of the SNMoE : A random variable Y; is said to
follow the SNMoE model if it has the following representation :

Yi = pu(xi; B,,) + 02,0, |Us| + /1 — 62, 02, E;.

where U and E be independent random variables following the standard normal
distribution N(0, 1) with pdf ¢(.), |U| denotes the magnitude of U and

Xs, . . . .
8., = 1+i\§ where Z; € {1,..., K} is a categorical variable following the

multinomial distribution

Zilri ~ Mult(1; 71 (rs; @), ..., 7 (7i; )
where each 7, (r;; &) = P(Z; = zi|r;) is given by the logistic function.
m Hierarchical representation of the SNMoE
Yilui, Zig = 1, @ ~ N(u(wi;ﬁk) + Ok fual, (1 — 51%)013),
UlZw=1 ~ NO,07),
Zilri ~ Mult(;mi(r;a),...,mx(r; o))

where Z;;. are the binary latent component-indicators such that Z;;, = 1 iff

Zi=k Zi=(Zu,...,Zix) and = \/1*:7
k
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Maximum likelihood parameter estimation

m Given an observed i.i.d sample of n observations {(y;, @, 7:)}i—1, the parameter
vector ¥ of the SNMoE model can be estimated by maximizing the observed-data
log-likelihood :

n K
log L(¥) = ZlogZﬂk(m;a)SN (y;,u(m;,@k),aﬁ,)\k) .
k=1

i=1
m = A dedicated Expectation Conditional Maximization (ECM) algorithm

m The ECM algorithm [Meng and Rubin, 1993] is an EM variant that mainly aims at
addressing the optimization problem in the M-step of the EM algorithm. In ECM,
the M-step is performed by several conditional maximization (CM) steps by
dividing the parameter space into sub-spaces. The parameter vector updates are
then performed sequentially, one coordinate block after another in each sub-space.

m This is also the generative process for sampling data according to the SNMoE
model
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MLE via the ECM algorithm

m The complete-data log-likelihood of ¥, where the complete-data are
{Ys, zi, Ui, @i, T iy, IS given by :

K

log Le(¥) = logLo(a) + ) log Le(¥y),
k=1
with
n K
log Le(er) = ZZsz log 7k (r;; @),
i=1 k=1
S 1
logL.(Wy) = Z Zik [ — log(27) — log(o?) — 3 log(1 — 62)
i=1
_ d?k + (Sk dik U; _ u? }
2(0—67)  (1=0R)ox  2(1 = 0R)op )’
where d;j, = Yi—1(2iiPr)

Tk
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ECM for the SNMoE : E-Step

E-Step calculates the Q-function

K
Q(Z; W ™)=E[log Le(®){yi, @i, 1i} ;@] = Q1 (a; @) + >~ Qo (@ w™)

k=1
with n K (m)
Qi(a; w™) = ZZTM log 7 (r;; @),
i=1 k=1
m ].
Qa(@y; w™) = ZT“ —log(2m) — log(0}) — 5 log(1 — &7)
Ok dir e et &2,

0o 201-0ho7 21—

where the required conditional expectations (analytic) are given by :

Fm

T = Egon [Ziklyi, i, 7],
egn;bll = ]E‘P(m) [U’L|sz‘ = 17 Yi, Ly, Ti] )
eé”le = Egwm [Ui2|Zik = Lyi,-’bi,ri] .
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CM-Step 1 Calculate o™V = argmaxy Q1(c; ™). does not exist in closed form
(Unlike in skew-normal (regression) mixtures)
The lteratively Reweighted Least Squares (IRLS) algorithm :

o+ — o _ [aQQl(a,W’)]— aczl(a,w(m))‘
dadaT a=a®) IoJe" a=a®
Then, fork=1..., K,
CM-Step 2 Calculate ,G(m'H) by maximizing Qo (¥; ¥™)

(m+1) _ (@) (m) (m)
k = [Z Tik ‘”z } Zﬂk ( — 0y, 1zk)w
CM-Step 3 : Calculate U;%(m+ ) by maximizing Qo (¥ ; ¥(™))
n m m+1 m m m+1 m
S r | (- B V) = 20 Vel - BV + )
2 (- ) S

CM-Step 4 Calculate )\(mH by maximizing Q2(%; ¥™) : Solution of :

o0 = R T 7 (R S 7 = B ) el

A DT [eé”f,l + (yi - f(mﬂ)wi) ] = 0- root finding (Brent's method [Brent,
1973)).

2(m+1)
O =

. m41 .
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o data
True mean (NMoE) N

ue cont. regions N
Estimated mean (SNMoE) T -
Estimated cont. regions

m SNMoE model is tailored to model the skewness in the data, it may be not
adapted to handle data containing groups or a group with heavy-tailed distribution.

m The SNMoE as NMoE may thus be affected by outliers.

m = Handle the problem of sensitivity of normal mixture of experts to outliers and
heavy tails.
< robust mixture of experts modeling using the ¢ distribution.
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The ¢ mixture of experts model

m The proposed ¢t mixture of experts model extends the ¢ mixture model, first
proposed by Mclachlan and Peel [1998], Peel and Mclachlan [2000] for multivariate
data, as well as the regression mixture model using the ¢-distribution as in [Bai
et al., 2012, Wei, 2012, Ingrassia et al., 2012] to the MoE framework.

m A K-component TMoE model is defined by :

K
flylr,z;®) = > m(rio) t, (v (e By), oit, k) -
k=1
The t-distribution with location u € R, scale o2 € (0, 00) and degrees of freedom
v € (0,00) has the probability density function

v+1 2\ T 2
tup (Y 1, 0% v) = %F(;) <1+d7y) :
where di = (%)2 denotes the squared Mahalanobis distance
m The parameter vector of the TMoE model is given by
U= (af,. . . ok 1,97, .. &) where ¥, = (BT ,0%, )7
® When the robustness parameter v, — oo for each experts k, the TMoE model
approaches the NMoE model
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The ¢ mixture of experts model

m Stochastic representation for the TMoE Let E ~ ¢(.). Suppose that,
conditional on the hidden variable Z; = z;, a random variable W; is distributed as

v Vy. . . . . .
Gamma(—t, <t). Then, given the covariates (x;, ), a random variable Y; is said

to follow the TMoE model if

E;
Y, = ,u(miQﬁzi) + 0z,

’
V Zi

where the categorical variable Z;|r; is multinomial

m Hierarchical representation of the TMoE model

2
Yilwi, Zir, = L,y ~ ( (x5 By), —k>

WilZiy =1 ~ Gamma (?k 716)
Zilr; ~ Mult(l;m(rsa),...,mx(ria)).

m This hierarchical representation involves the hidden variables Z; and W; facilitates
the ML inference of model parameters ¥ via E(C)M.

FAI1CEL CHAMROUKHI Learning from Heterogeneous & Non-Stationary Time-Series Data 95/121



MLE of the TMoE model

m Given an i.i.d sample of n observations, ¥ can be estimated by maximizing the
observed-data log-likelihood :

log L(¥ ZlogZﬂk(m, tz/k( w(z; By), az,uk).

m = EM algorithm and then describe an ECM extension

m The complete data consist of the responses (y1,...,yn) and their corresponding
predictors (z1,...,%») and (71,...,75), as well as the latent variables
(w1, ..., wy) (in the hierarchical representation) and the latent labels (z1, ..., z).
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MLE of the TMoE model

m = The complete-data log-likelihood of ¥ is given by :

K

log Le(¥) = logLic(a) + Y [log Lac(¥) + log Lac(vk)],
k=1

where

log Lic(ax Zzzmlogﬂk i o),

i=1 k=1

log Lac(¥r) Z sz[ = log(27) — log(ai) — %wid?k],

o o) 3 2 et (3) (3 on (1) (5 - 1ot - () ]
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MLE of the TMoE model : E-Step

E-Step Calculate the Q-function :
K
Q¥ = Qi (a; w™) +Z [Qz (05, 7)) + Qs (v, ¥ ))]
k=1

where 85, = (8% ,0#)T and

Qi(a; ™) ZZT<k>logm<m, @),

i=1 k=1

m m 1 m
Q2(05; %™ ZTz(k )[— = log(2m) — log(ak) —3 w< ) d? ]

utw™) = S ()« (4 (2) - (5) i+ (1) 2

— requires the following conditional expectations (analytic) :

e Egm) [Zik|yi, @i, i,
wip Egmy Wilyi, Zik = 1, @4, 74],
em = Egom log(Wi)|yi, Zix = 1, @i, -
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MLE of the TMoE model : M-Step

M-Step 1 Calculate o™V by maximizing Q1(c; (™) w.r.t .. = lteratively via
IRLS (92) as for the mixture of SNMoE.

M-Step 2 Calculate efj"*” by maximizing Q2(0x; ¥ (™)) w.rt 6

(m+1)
k

[Z Tik wk mz ] Z Tik wzk yzwu
2(m+1)

(m+1)  \?2
ok = Z" (m Z Tik wlk (i BZ :ci).

i=1Tik = i=1

M-Step 3 Calculate V}(€m+1) by maximizing Qs (vk; (™) w.r.t vy
=> iteratively solve the following equation in vy :

Y AW Dt (log( ) —wi) (’">+1 y 1y

This scalar non-linear equation can be solved with a root finding algorithm, such as
Brent’s method [Brent, 1973].
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The skew ¢ mixture of experts (STMoE) model

m A K-component mixture of skew ¢ experts (STMoE) is defined by :
K

flylr,@; @) = > mi(r;a) ST(y; p(m; By), of, Ak, 1)
k=1

m kth expert : has a skew ¢ distribution [Azzalini and Capitanio, 2003] :

P (yles (@3 8. 0 A, ) = tu(dy(@)) T (A 4,() J@)

The skew ¢ mixture of experts (STMoE) model extends the univariate skew ¢
mixture model Lin et al. [2007], to the MoE framework.
Model characteristics
— For {v;} — o0, the STMoE reduces to the SNMoE
— For {\;} — 0, the STMOoE reduces to the TMoE.
— For {v;,} — oo and {\;} — 0, it approaches the NMoE.

— The STMOoE is flexible as it generalizes the previously described models
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Representation of the STMoE model

m Stochastic representation Suppose that conditional on a Multinomial
categorical variable Z;, E; and W; are independent univariate random
variables such that E; ~ SN(A.,) and W; ~ Gamma(=3t, V—SL) and «; and
r; are given covariates. A variable Y; having the following representation :

Y, = N(mzw@zl) + O-Zi\/_VIZ/-_i

is said to follow the STMoE distribution

m Hierarchical representation

Yilui, wi, Ziy = 1,25

2

1037
N M(mlvﬁk)+6k|u’z|7Ta-k )

2
Ws
WilZix =1 ~ Gamma (Vz—k, V?k)
Zilr; ~ Mult(l;m(ri;a),...,ﬂK(ri;a)).

The variables U; and W; are hidden in this hierarchical representation
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MLE via the ECM algorithm

m Maximize the observed-data log-likelihood :

log L(¥ Zlome 743 0)ST(y; (i3 Br), s iy Vi) -
i=1

m = This is performed iteratively by a dedicated ECM algorithm

m The complete-data log-likelihood :

K
log L.(¥) =log Li.(cx) + Z [log Lac(6)) + log Lsc(vi)]; 0k = (Bi, 07, Ar)
k=1
n K
log Lic(a) = z Z ik log T (745 @),
ud 2 1 w; d% wi ug 6 dig w; u?
3 Zux [ - los(2m) —log(e}) -  log(1 — &) - 2(1 - 5%) 1—D)e, 21— ag)ag]

log L. (0f) =
Vi

st = $ - er (32) () e (2) (5 e~ (2) ]

i=1
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MLE via the ECM algorithm : E-Step

m E-Step Calculates the Q-function, that is the conditional expectation of

the complete-data log-likelihood , given the observed data {y;, z;, 7}
and a current parameter estimation w(m) given by

K
Q™) = Qi(a; ™) + > [Qz (0, @™ )+Q3(Vk7'P(m))} :
h=1

where

n K
Qi w(™) = 3 Z 7™ log (v @),
i=1k=1

" ( ) 42 51 dig ) e(m)
e ;‘I/(m) = 1 2 _ 71 1-6 ik v 1,ik 2,ik
Q2(8% ) Z [ og(2mo}) og( 7 - 2(1 82) | (1—-82)ox  2(1—062)02
Vi Vi Vi
Qs w ) = 3 [reer () 4 (s (%) - () i+ () <]
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MLE via the ECM algorithm : E-Step

m = The E-Step requires the following conditional expectations :

Lm)

Tik = Egm [ zk|yzawurz]7
wiy! = By Wilyi, Zin = 1,24,7],
6??;1 = Egwm [Wililyi, Zix = 1, @i, 73],
e = Egon [WiUPlys Zin = 1,2i,74]
el = Egom log(Wi)lys, Zix = 1,2:,74]

m These conditional expectations are calculated analytically except eg"il,l for

which | adopted a one-step-late (OSL) approach as in Lee and McLachlan
[2014], rather than using a Monte Carlo approximation as in Lin et al. [2007].

m | also mention that, for the multivariate skew ¢ mixture models, recently Lee
and McLachlan [2015] presented a series-based truncation approach, which
exploits an exact representation of this conditional expectation and which
can also be used here.
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MLE via the ECM algorithm : M-Step

m CM-Step 1 update the mixing parameters a'™*1) by maximizing the function
Q1(a; &™) by using IRLS. Then, for k=1..., K,

[ CM-Step 2 Update the regression params (ﬁf(mH),ai(mH)) :

1
Y Al (wf - )

m (m+1) m-+1 m (m+1) m
o Ezuk’[“’fk’(y E V) 2o Vel — BT ) + el

D T

m CM-Step 3 Update the skewness parameters \; by solving the following equation :

(m+1) (m) (m)

(m) (m) ik €1,ik N (m) [ (m) 2 (m+1) €2k 1 _
6k(1—5k)27 +(1+62 )1217 7’?”“) 6’“Z:Tik [wik a2, + a§<m+1)] —0.

m CM-Step 4 Update the degree of freedom vy by solving of the following equation :

no_(m) <e<m> w<m>)
_ (Vi) ] (@) 14 i=1 Tik 3,ik ik -0
vig) tles(y)+ wm) =Y
=1 "ik
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Prediction, clustering and model selection

m Prediction Predicted response : § = Eg (Y|r, x) with

& (Y|r,x) Zﬂkran ; (YZ =k, x),

& (Y|r,z) Zm r60)|[(Bg (YZ =k,2)> + Vi (Y]Z = kx)] — [Eg(Yr,z)

where IE‘I;(Y|Z =k,x) and Vg (Y|Z = k,x) are respectively the
component-specific (expert) means and variances.

m Clustering of regression data Calculate the cluster label as

. « T (r; @) fi (yi\ﬂ»wi;@)
2; = argmax E[Z;|r;, mi;'P} = argrmax
k=1 =1 Zk, 17rk/(7' a)fk,(y1|rz,mz,f’k/)

m Model selection The value of (K, p) can be computed by using BIC, ICL
Number of free parameters :
ne = K(p+4) — 2 for the NMoE model,
ne = K(p+ 5) — 2 for both the SNMoE and the TMoE models,
ne = K(p + 6) — 2 for the STMoE model.
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lHlustation

on Bishop’s data set

SNMoE

ThoE

STHoE.

Guster 1
o Gustorz
o Gusters
—Expertmean 1
—Expertmeanz
—Expentmeana

Mixing probabiiss

Miing probabites

Wixing provabities

FIGURE — Fitting the the non-normal mixture of experts models (SNMoE, TNMoE, STMoE) to
the toy data set analyzed in Bishop and Svensén [2003] : n = 250 values of input variables x;
generated uniformly in (0,1) and output variables y; generated as y; = x; + 0.3sin(27z;) + €;,
with €; drawn from a zero mean Normal distribution with standard deviation 0.05.
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Robustness of the NNMoE

°
True mean (NMoE)

o data
1.5 —— True mean (NMoE)
~True Experts - - ~True con. regions
—— Estimated mean (NMoE) —— Estimated mean (NMoE) 7
- Estimated Experts - - - Estimated conf.regions
04 06 08 % Tos 06 w4 w02 0 02 04 06 08

= 08 08 04 w02 0 02

151 —— True mean (NMoE)
ue cont. regions.
timated mean (TMoE)
timated conf. regions.

1.5 —— True mean (NMoE)

Estimated mean (TMoE)
Estimated Experts
208 o5 04 02 0 02 04 08 08 E 08 os 04 02

0 o0z 04 05 08

FIGURE — Fitted MoE to n = 500 observations generated according to the NMoE with 5% of
outliers (z;y = —2) : NMoE fit (top), TMoE fit (bottom).
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Robustness of the NNMoE

°
True mean (NMoE)

o data
1.5 —— True mean (NMoE)
~True Experts - - ~True con. regions
—— Estimated mean (NMoE) —— Estimated mean (NMoE) 7
- Estimated Experts - - - Estimated conf.regions
04 06 08 % Tos 06 w4 w02 0 02 04 06 08

= 08 08 04 w02 0 02

1.5 —— True mean (NMoE) 151 —— True mean (NMoE)
timated mean (STMOE)
timated con. regions.

Estimated mean (STMoE)
Estimated Experts
208 o5 04 02 0 02 04 08 08 E 08 os 04 w02 0 02

FIGURE — Fitted MoE to n = 500 observations generated according to the NMoE with 5% of
outliers (z; y = —2) : NMoE fit (top), STMoE fit (bottom).
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NMoE SNMoE
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FIGURE — Fitting the MoE models to the tone data set studied by Bai et al. [2012] and Song
et al. [2014] by using robust regression mixture models based on, respectively, the ¢ distribution
and the Laplace distribution : n = 150 pairs of “tuned” predictors (z), and their corresponding
“strech ratio” responses (y).
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FI1GURE — Fitting the MoLE models to the temperature anomalies data set.
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MEteorits : open-source soft. for mixtures-of-experts

MEteorits : Mixtures-of-ExperTs modEling for cOmplex and non-noRmal dIsTributionS
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https://github.com/fchamroukhi/meteorits
https://github.com/fchamroukhi?&tab=repositories&q=Mixture-of-Experts&type=public&language=matlab

MEteorits : open-source soft. for mixtures-of-experts

Available algorithms and Packages

» Matlab software

® NMoE : Normal Mixture-of-Experts GEEEREE

» Matlab software

m SNMoE : Skew-Normal Mixture-of-Experts GaEiiEE

» R software

m tMoE : Robust modeling of mixture-of-experts using the t-distribution

» Matlab software

m StMoE : Skew-t Mixture-of-Experts > Matlab software

High-dimensional Mixtures-of-Experts [Huynh and Chamroukhi, 2019]
Estimation and Feature Selection in Mixtures of Generalized Linear Experts Models

m prEMME : proximal Newton EM for estimation and feature selection in
high-dimensional Mixtures-of-Experts [Huynh and Chamroukhi, 2019] CESESEEE

™ Expert models : Poisson GG LOgiStiC ILECEIEY Gaussian CENESEEE

Coming soon : MoE for functional data (functional predictors)

m FunME » Matlab software
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https://github.com/fchamroukhi/SNMoE
https://github.com/fchamroukhi/SNMoE_m
https://github.com/fchamroukhi/SNMoE
https://github.com/fchamroukhi/SNMoE_m
https://github.com/fchamroukhi/tMoE
https://github.com/fchamroukhi/tMoE_m
https://github.com/fchamroukhi/StMoE
https://github.com/fchamroukhi/StMoE_m
\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmss{cmss}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmss/bx/n/9 {\OT1/cmss/m/n/9 }\OT1/cmss/bx/n/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef m{bx}\protect \xdef \OT1/cmss/bx/n/9 {\OT1/cmss/m/n/9 }\OT1/cmss/bx/n/9 \size@update \enc@update https://github.com/fchamroukhi/prEMME
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/FunME

MoE models in high-dimension
Maximum Likelihood Estimation via EM [pempster et al., 1077, sacobs et al., 1091]

m MLE : ¥ is commonly estimated by maximizing the observed-data log-likelihood :

~

¥, € argmaxwco L(¥) with L(¥) =" log Zszl (i w) f(y; e Pr)

Regularized MLE of the MoE [Khalili, 2010] [Huynh and Chamroukhi, 2019]
W is estimated by maximizing a penalized observed-data log-likelihood :

v, € arg max L(¥) — Peny (¥)

m — Pen) (%) LASSO penalties for experts and the gating network
m encourages sparse solutions

m parameter estimation and selection problem

High-dimensional Mixtures-of-Experts
Estimation and Feature Selection in Mixtures of Generalized Linear Experts Models

m prEMME : proximal Newton EM for estimation and feature selection in
high-dimensional Mixtures-of-Experts aEd

= Poisson (I | ogistiCIEERED Gaussian(IERED
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\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef cmss{cmss}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/cmss/bx/n/9 {\OT1/cmss/m/n/9 }\OT1/cmss/bx/n/9 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef m{bx}\protect \xdef \OT1/cmss/bx/n/9 {\OT1/cmss/m/n/9 }\OT1/cmss/bx/n/9 \size@update \enc@update https://github.com/fchamroukhi/prEMME
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/prEMME/tree/master/tar%20gz%20package%20files
https://github.com/fchamroukhi/FunME

FunME : Functional Mixtures-of-Experts

Ongoing work : MoE with functional predictors/responses
m Let {X;(-),Y;}i=1, be a random i.i.d sample where Y; € R is the response and
Xi(t);t € T C Ris a functional predictor, for example the time in time series.
m The input X(-) is a function (eg. data continuously recorded for some time period)

eg. X (-) are data continuously recorded from multiple subject’ sensors

variable 1 variable 2 variable 9

[N

X,
anm
XLS(()

X

X550
>(2‘9 (t)

X501 1)
X502
XSO‘S(”
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o/

FIGURE — Functional predictors X;;(t) t € T,i=1,---,nand j=1,...,p.
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Thank you for your attention !
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